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Introduction 

The purpose of this paper is twofold. Firstly, we define modules and derivations over 
a A -ring (A,Xa) following the general approach of Quillen ffT31l . It turns out that the 
resulting category of (A, A^)-modules is abelian, complete, and cocomplete. Perhaps 
more surprisingly, we show that the underlying A-module Q^ A x A ) of the universal 
derivation is isomorphic to the A-module £2a of Kahler differentials. For the univer- 
sal A -ring (W(A),Aa), this means that the W(A)-module Qwa) is equipped with 
natural maps F n : i2w(A) ^w(a) which are divided Frobenius maps in the sense 
that they satisfy dF n (a) = nF n (da). Secondly, we give a thorough treatment of the 
multi -prime big de Rham-Witt complex Wi2 A which is defined for every ring A. The 
original construction by the author and Madsen in [ 8 1 relied on the adjoint functor the- 
orem and accordingly was very indirect. We give a new explicit construction of this 
complex based on the theory of modules and derivations over the A -ring (W(A), A&) 
which is developed in the first part of the paper. Furthermore, we show that it behaves 
well with respect to arbitrary etale extensions of rings, and finally, we determine its 
structure explicitly in the case of the ring of integers. 

Let A be a ring, always assumed to be commutative and unital. The ring W(A) of 
big Witt vectors in A is equipped with a natural action by the multiplicative monoid 
N of positive integers with the action by n 6 N given by the nth Frobenius map 

F„: W(A) W(A). 

The Frobenius maps give rise to a natural ring homomorphism 

A : W(A) — > W(W(A)) 

whose Witt components A e : W(A) — > W(A) are characterized by the formula 

F n {a)=Y^eA e {afl e . 

e\n 
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The triple (W(— ),A,e) is a comonad on the category of rings and a A-ring in the 
sense of Grothendieck Q is precisely a coalgebra (A, Aa) over this comonad. 

Recently, Borger [4] has proposed that a A-ring structure Xa ■ A — > W(A) on the 
ring A be considered as descent data for the extension of Z over a deeper base Fi . This 
begs the question as to the natural notions of modules and derivations over (A, Aa). 
We show that the general approach of Quillen lfT31l leads to the following answer. 
Recall that if (A,Xa) is a A-ring, then the ring A is equipped with an N-action with 
the action by n £ N given by the nth associated Adams operation 

Wam'-A ->-A 

that is defined by the formula 

e\n 

where Aa,,. : A — > A is the eth Witt component of Xa : A — >• W(A). Now, the category 
of (A, A^-modules is identified with the category of left modules over the twisted 
monoid algebra A v [N] whose product is defined by the formula 

n-a = \^A.ni a ) ' n - 

Hence, an (A, A^-module is a pair (M, Am) that consists of an A-module M and an 
N-indexed family of maps Xm.ii ■ M M such that Xm,u is y'A.n-linear, Am.i = idM, 
and Xm.wXmm = ^M,mn- Moreover, we identify the derivations 

D: {A,X A )^(M,X M ) 

with the derivations D : A — > M that satisfy 

X M , n {Da) = ^AAa) {n ' e) -'DX A M- 

e\n 

It is now easy to show that there is a universal derivation 

d: (A,X A ) ->■ (fyuO'^Q&yy)- 
We prove the following result. 

Theorem A. For every X-ring (A, A4), the canonical map 

Q A -» Q(A,X A ) 

is an isomorphism of A-modules. 

It follows that for a A-ring (A,A^), the A-module of differentials Qa carries the 
richer structure of an (A, A^) -module. In the case of (W(A),Aa), this implies that 
there are natural F„-linear maps F„ : Q/^ia) — > ^w(A) defined by 



F„(da) = Y,Ae{a) {n,e) ~ l dA e {a) 

e\n 
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such that F\ = id, F m F„ — F mn , dF n (a) = nF n [da), and F„(d[a\) — [a] n_1 d[a]. The 
/^-typical analog of F p was also constructed by Borger and Wieland in [5, 12.8]. 

The construction of the de Rham-Witt complex begins with the following variant 
of the de Rham complex. The ring W(Z) contains exactly the four units ±[±1] all of 
which are square roots of [1] and the 2-torsion element 

diog[-i] = [-irM-i] = [-iM-i] g n nA] 

plays a special role. We define the graded W(A)-algebra 

to be the quotient of the tensor algebra of the W(A)-module £iyfU) by the graded 
ideal J generated by all elements of the form 

da da (/log I ®F2da 

with a E W(A). It is an anti-symmetric graded ring which carries a unique graded 
derivation d that extends d: W(A) — > Slyyu) an d satisfies 

ddco =dlog[-l] dco. 

Moreover, the maps F n : W(A) — > W(A) and F n : £iyf(A) ~ * ^w(a) extend uniquely 
to a map of graded rings F„ : — > ^w(a) wn i cn satisfies dF„ = nF n d. Next, we 
show that the maps d and F„ both descend to the further quotient 

by the graded ideal generated by all elements of the form 

FpdVp(a) — da — (p — l)c/log[— 1] -a 

with p a prime number and a £ W(A). We now recall the Verschiebung maps 

V n : W(A) -> W(A) 

which are additive and satisfy the projection formula 

aV n (b)=V n (F n {a)b). 

These maps, however, do not extend to Q^, A y and the de Rham-Witt complex is 
roughly speaking the largest quotient 

T 7 : ^w(a) ^W*2 A 

such that the Verschiebung maps extend to W£2 A and such that the extended maps 
F n and V„ satisfy the projection formula. The precise definition given in Section [4] 
below is by recursion with respect to the quotients Ws(A) of W(A) where S ranges 
over the finite subsets XcN that are stable under division. We further prove the 
following result to the effect that the de Rham-Witt complex may be characterized 
as the universal example of an algebraic structure called a Witt complex, the precise 
definition of which is given in Definition 14. II 
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Theorem B. There exists an initial Witt complex S i— ¥ Wsf2 A over the ring A. In 
addition, the canonical maps 

are surjective, and the diagrams 
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commute. 



It 



»S**a 



Q. q 

W S (A) 



W S (A) 



W S (A) 



IS 



is 



7 s a 



q+l 
'A 



'S"a 



If A is an F p -algebra and S = {1, />,... >/>" }, then W^i2 A agrees with the origi- 
nal p-typical de Rham-Witt complex W„Q A of Bloch-Deligne-Illusie 0111 , More gen- 
erally, if A is a Z( p )-algebra and S — {l,p, ■ ■ ■ ,p }, then W$£2 A agrees with the 
/^-typical de Rham-Witt complex W„£2 A constructed by the author and Madsen (9J 
for p odd and by Costeanu [6| for p = 2. Finally, if 2 is either invertible or zero in A 
and S is arbitrary, then Ws& A agrees with the big de Rham-Witt complex introduced 
by the author and Madsen [ 8 1 . We also note that if / : R — > A is a map of Z( p j -algebras 
and S = {l,p, ... ,p" }, then the relative p-typical de Rham-Witt complex W„Q A ^ R 
of Langer-Zink [ 1 3 1 agrees with the quotient of Ws& A by the differential graded 
ideal generated by the image of W$Qg — > Ws&\- 

We recall that van der Kallen ifTTl Theorem 2.4] and Borger [2 Theorem B] have 
proved independently that for every etale morphism / : A — > B and every finite subset 
XcN stable under division, the induced morphism 

W s (/): W S (A) -4 W S (S) 

again is etale. Based on this theorem, we prove the following result. 

Theorem C. Let f ': A — > B be an etale map and let S C N be a finite subset stable 
under division. Then the induced map 

W S (B) ® Ws{A) W s Ql -> W s Q q B 

is an isomorphism. 

To prove TheoremO we verify that the left-hand terms form a Witt complex over 
the ring B and use Theorem[B]to obtain the inverse of the map in the statement. The 
verification of the Witt complex axioms, in turn, is significantly simplified by the 
existence of the divided Frobenius on as follows from TheoremlAl 

Finally, we evaluate the de Rham-Witt complex of Z. The result is that WQ% is 
non-zero for q ^ 1 only. Moreover, we may consider W Q z as the quotient 

■^w(z) Wi2 z 

of the de Rham complex of W(Z) by a differential graded ideal generated by elements 
of degree 1. Hence, following Borger 0, we may interpret W£2 Z as the complex of 
differentials along the leaves of a foliation of Spec(Z) considered as an Fi -space. 
Moreover, this foliation is compatible with the canonical action of the multiplicative 
monoid N on the Fi -space Spec(Z). 
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1 Witt vectors 

We begin with a brief review of Witt vectors and A -rings. In the approach taken here, 
all necessary congruences are isolated in Dwork's lemma. The reader is also referred 
to the very readable account by Bergman [14, Appendix] and to the more modern and 
general exposition by Borger J2)- 

Let N be the set of positive integers. We say that S C N is a truncation set if 
whenever n € S and d is a divisor in n, then d 6 S. The big Witt ring Wj(A) is defined 
to be the set A s equipped with a ring structure such that the ghost map 

w: W S (A) -^A s 

that takes the vector (a„ n G S) to the sequence (w„ \ n£S) with 

w„ =J^da"J d 

d\n 

is a natural transformation of functors from the category of rings to itself. Here the 
target A s is considered a ring with componentwise addition and multiplication. To 
prove that there exists a unique ring structure on W$(A) characterized in this way, we 
first prove the following result. We write v p (n) for the p-adic valuation of n. 

Lemma 1.1 (Dwork). Suppose that for every prime number p, there exists a ring 
homomorphism <j) p : A — > A with the property that <j) p (a) = a p modulo pA. Then the 
sequence {x„ \ n £ S) is in the image of the ghost map 

w: W S (A) — > A 5 

if and only if x n = ty p (x n /p) modulo p v p(")A for every prime number p every n G S 
with v p (n) ^ 1. 

Proof. We first show that if a = b modulo pA, then a p ' ' = b p ' ' modulo p v A. If we 
write a = b + pe, then 




In general, the p-adic valuation of the binomial coefficient ( m ^") is equal to the num- 
ber of carrys in the addition of m and n in base p. So 

V P ( . ^ p*) = v-l + i- v p (i) ^ v 
which proves the claim. Now, since <j> p is a ring-homomorphism, 

M w n/ P (a)) = £ d< $>p(. a d d ) 

d\(n/p) 

which is congruent to p)da"J d modulo p v P^A. If d divides n but not n/p, then 
v p (d) = v p (n) and hence this sum is congruent to Y.d\n da"J d — w n (a) modulo p v i'^A 
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as stated. Conversely, if (x n | n G S) is a sequence such that x„ = <j>p[x n / p ) modulo 
p r p( n )A, we find a vector a = (a„ | n G S) with w„(a) = x„ as follows. We let a\ = x\ 
and assume, inductively, that a c ( has been chosen, for all d that divides n, such that 
Wd(a) — x c i- The calculation above shows that the difference 

Xfi y"', 

d\n,d^n 

is congruent to zero modulo p v P^A. Hence, we can find a n G A such that na n is equal 
to this difference. □ 

Proposition 1.2. There exists a unique ring structure such that the ghost map 

W. W S (A) -^A s 

is a natural transformation of functors from rings to rings. 

Proof. Let A be the polynomial ring Z[a„,b„ \ n G S]. The unique ring homomorphism 

<j) p : A — > A 

that maps a n to an and b n to bn satisfies <j> p (f) = f p modulo pA. Let a and b be 
the vectors (a n n G S) and (b„ \ n e S). Then Lemma [TTI shows that the sequences 
w(a) +w(b), w(a) ■ w(b), and — w(a) are in the image of the ghost map. Hence, there 
are sequences of polynomials s = (s„ \ n G S), p = (p n \ n G S), and I = (t„ | n G S) 
such that w(s) = w(a) +w(b), w(p) — w(a) -w(b), and w(l) = — w(a). Moreover, as 
A is torsion free, the ghost map is injective, so these polynomials are unique. 

Let now A' be any ring, and let a' = (a' n | n G S) and b' = (b' n \ n G S) be two 
vectors in Ws(A'). Then there is a unique ring homomorphism/: A — > A' such that 
W s (/)(a) = a' and W s (f)(b) = b'. We define a' + fo' = W s (/)(i), a = W s (f)(j>), 
and — a = Ws(f)(l). It remains to prove that the ring axioms are verified. Suppose 
first that A' is torsion free. Then the ghost map is injective, and hence, the ring ax- 
ioms are satisfied in this case. In general, we choose a surjective ring homomorphism 
g : A" — > A' from a torsion free ring A". Then 

W s (g): W S (A")^W S (A') 

is again surjective, and since the ring axioms are satisfied on the left-hand side, they 
are satisfied on the right-hand side. □ 

If T C S are two truncation sets, then the forgetful map 

R S T : W S (A) W r (A) 

is a natural ring homomorphism called the restriction from 5 to T.lfnGN and S C N 
is a truncation set, then S/n = {d G N | nd G S} again is a truncation set. 

Lemma 1.3. The nth Verschiebung map V n : Ws/„(A) — > Ws(A), whose mth compo- 
nent is a^, if m = nd, and 0, otherwise, is an additive map. 
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Proof. The following diagram, where V™ takes the sequence (x c / | d G S/n) to the 
sequence whose mth component is nxj, if m = red, and 0, otherwise, commutes. 



W S/ „(A)^-^A 



S/n 



W 5 (A) - ) A s 

Since V - ,, 11 ' is additive, so is V„. Indeed, if A is torsion free, the horizontal maps are both 
injective, and hence V n is additive in this case. In general, we choose a surjective ring 
homomorphism g : A' — > A and argue as in the proof of Proposition ! 1.21 □ 

Lemma 1.4. There exists a unique natural ring homomorphism 

F„: W S (A)^W S/ „(A) 

called the nth Frobenius that makes the following diagram, where the map F™ takes 
the sequence (x m \m G S) to the sequence whose dth component is x n d, commute. 



W S (A) 



->A 



S/n 



Proof. The construction of the map F n is similar to the proof of Proposition ! 1.21 We 
let A = Z[a„ | n e S] and let a be the vector (a„ \ n G S). Then Lemma [TTI shows that 
the sequence F"(w(a)) e A s l" is the image of a (unique) vector 

F n(a) = {f nJ I d £ S/n) e W S/ „(A) 

by the ghost map. If A' is any ring and a' = (a' n | n G S) a vector in Ws(A'), then we 
define F„(a') = Ws/ n (g)(F„(a)) where g: A — > A' is the unique ring homomorphism 
that maps a to a'. Finally, since F n lk ' is a ring homomorphism, an argument similar to 
the proof of Lemma fOl shows that also F n is a ring homomorphism. □ 

The Teichmiiller representative is the map 

Hs:A->W s (A) 

whose nth component is a for n = 1, and for re > 1. It is a multiplicative map. 
Indeed, the following diagram, where [aK is the sequence with reth component a", 
commutes, and [— ]£' is a multiplicative map. 

A^^^A 

Hs H£ 
W S (A)^-^A 5 
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Lemma 1.5. The following relations holds. 

(i) a = £ neS V n ([a n } s/n ). 

(ii) F n V n {a) =na. 

(iii) aV n {a') =V n (F n (a)a'). 

(iv) F m V„ = V n F,„ if(m,n) = l. 

Proof. One easily verifies that both sides of each equation have the same image by 
the ghost map. This shows that the relations hold, if A is torsion free, and hence, in 
general. □ 

Proposition 1.6. The ring of Witt vectors in Z is equal to the product 

w S (z)=nz^„([i] s/ „) 

and the product given by V m ([l]s/ m ) ' ^n([l]5/n) — c ' ^e([^]s/e) w ' m c — (m,n) the 
greatest common divisor and e = [m, n] the least common multiple. 

Proof. The formula for the product follows from Lemma [T31 (ii)-(iv). For finite S, 
we prove the statement by induction beginning from the case 5 = which is trivial. 
So suppose that S is non-empty, let m £ S be maximal, and let T = S \ {m}. The 
sequence of abelian groups 

-> W {1} (Z) W S (Z) % W r (Z) -> 
is exact, and we wish to show that it is equal to the sequence 

o^z-[i} {1} ^Y\z-v„([i} s/n ) ^hl\z-v n ([i} T/n ) ^0. 

neS neT 

The latter sequence is a sub-sequence of the former, and by induction, the right-hand 
terms of the two sequences are equal. Since also the left-hand terms are equal, so are 
the middle terms. This completes the proof for S finite. Finally, every truncation set S 
is the union of its finite sub-truncation sets S a C S and Ws(Z) = lim a Ws a (Z). □ 

The values of the restriction, Frobenius, and Verschiebung maps on the generators 
V„([l]s/„) are readily evaluated by using Lemma [T31 (ii)-(iv) . To give a formula for 
the Teichmuller representative, we recall the Mobius inversion formula. Let g : N — > Z 
be a function and define the function / : N — > Z by /(«) = Y,d\n 8(d) ■ Then the original 
function is given by g(n) — Y,d\nl- L (d)f(n/d), where fi: N->{- 1,0, 1 } is the Mobius 
function defined by fl(d) — (— if d is a product of r ^ distinct prime numbers, 
and fi(d) — 0, otherwise. 

Addendum 1.7. Let m be an integer. Then 

[m}s=Y,-(^(d)'n n/d )V,m S /,:)- 

neS n d\n 

Ifm = q is a prime power, the coefficient of V n ([l] s /„) is equal to the number of monic 
irreducible polynomials of degree n over the finite field ¥ q . 
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Proof. It suffices to prove that the formula holds in Ws(Z). By Proposition ! 1.61 there 
are unique integers r d , d £ S such that 

[m} s =^r d V d ([l} s/d ). 

des 

Evaluating the nth ghost component of this equation, we find that 

m" = Y J dr d . 

d\n 

The Mobius inversion formula completes the proof. □ 
Lemma 1.8. If A is an W p-algebra, then 

F p = R s s/p o W s (<p) : W S (A) -> W s/p (A), 
where <p : A — > A is the Frobenius endomorphism. 

Proof. We let A = 1[a n \ n £ S] and recall from the proof of Lemma IT~4l the family of 
polynomials / p „ G A, n £ S, defined by the following system of equations. 

d\n d\p n 

The lemma is equivalent to the statement that for all n e 5/ p, f p .„ = a% modulo pA. 
We proceed by induction on n G S. Since f p \ = a\ + pa p , the statement holds for 
n = 1. So let n > 1 and assume that for all proper divisors d of n, f p d = modulo 
pA. As in the proof of Lemma fTTl it follows that df n J^ = da P d n ^ d modulo p v P^ +1 A. 
We now rewrite the defining system of equations as 



d\n d\n d\pn,d\n 

and note that if d \ pn and d\n, then v p (d) = v p (n) + 1. Therefore, we may conclude 
that nf p n = na p modulo p v i'^ +l A. But A is torsion free, so f p .„ = a„ modulo pA as 
desired. This completes the proof. □ 

Lemma 1.9. Suppose that the integer m is invertible (resp. a non-zero-divisor) in A. 
Then m is invertible (resp. a non-zero-divisor) in Ws(A). 



Proof. As in the proof of Proposition ! 1.61 we may assume that S is finite. We proceed 
by induction on S beginning from the trivial case S = 0. So let S be non-empty and 
assume the statement for all proper sub-truncation sets of S. We let n £ S be maximal, 
and let T = S \ {«}. Then we have the exact sequence 

0^ W { i}(A) \ W S (A) % Wr(A) ^0 
from which the induction step readily follows. □ 
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We consider the truncation set P = {l,p,p 2 , . . . } C N that consists of all powers 
of a fixed prime number p. The proper non-empty sub-truncation sets of P all are of 
the form {l,p, . . . ,p n ~ 1 }, for some positive integer n. The rings 

W(A)=W P (A), W„(A)=W {Lp _ pl ,- 1} (A) 

are called the ring of p-typical Witt vectors in A and the ring of p-typical Witt vectors 
of length n in A, respectively. We have the following p-typical decomposition. 

Proposition 1.10. Let p be a prime number, S a truncation set, and I(S) the set of 
k 6 S not divisible by p. If A is a ring in which every k G I(S) is invertible, then the 
ring of Witt vectors Wj(A) admits the idempotent decomposition 

W S (A)= J] W s (A)e k , e k = J] (j^Ws/*) - ^([1^] 
kei(s) /e/(5)x{i} \ K KL 

Moreover, the composite map 

R S/k 

W s (A)e k W S (A) % W s/k (A) W s/knP (A) 
is an isomorphism of rings. 

Proof. We first show that e k , k e I{S), are orthogonal idempotents in Ws(A). It suf- 
fices to consider A = Z[/(5) _1 ], and since the ghost map is injective in this case, it 
further suffices to show that w(e k ), k £ I(S), are orthogonal idempotents in A s . This, 
in turn, follows immediately from the calculation that 



1 if neSHkP 
otherwise. 



Finally, to prove the second part of the statement, we consider the composite map 

W s/ *n P (A) ^ W s/k (A) ^ W S (A) ^ W s (A)e k , 

S/k 

where <T is any set theoretic section of R s / knP and pr the canonical projection. We 
claim that this map is the inverse of the map in the statement. Indeed, this is readily 
verified by evaluating the induced map in ghost coordinates. □ 

Example 1.11. If S = {1,2, . . . ,n}, then S/k(lP = {l,p, ■ ■ • ,p s ~ 1 } where s — s(n,k) 
is the unique integer with p s ~ 1 k ^ n < p s k. Hence, if every integer 1 ^ k ^ n not 
divisible by p is invertible in A, then Proposition ! 1 . 1 01 shows that 

w {1 ^...,„ } (A)^n^( A ) 

where the product ranges over integers 1 ^ k ^ n not divisible by p and s — s(n,k). 
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We consider the rings W n (A) in more detail. The /5-typical ghost map 

w: W n {A) — > A" 

takes the vector (do, ■ ■ ■ ,a,,-i) to the sequence (wo, . . . ,w n -i) with 

„i „i— 1 

Wi — a' Q + pa\ H h p'di. 

If A is equipped with a ring endomorphism (j) : A — > A with (j)(a) = aP modulo pA, 
then Lemma [l~Tl identifies the image of the ghost map with the subring of sequences 
(xo,-- -Xn-i) such that xi = modulo p'A, for all 1 ^ ; ^ n — 1. We write 

[-]„: A^W n (A) 

for the Teichmiiller representative and 

F: W„(A) -^W n -i(A) 
V: W n - X {A) ^W n {A) 

for the pth Frobenius and pth Verschiebung. 
Lemma 1.12. If A is an F p -algebra, then VF = p ■ id. 

Proof. By Lemma [T31 (iii). VF = V([l]„-i) • id. We show by induction on n that for 
an Fp-algebra A, V([l]„_i) = p ■ [1]„; the case n — 1 is trivial. The exact sequences 

► A W n (A) — W„_i(A) ► 

furnish an induction argument which shows that W„(A) is annihilated by p". In par- 
ticular, V([l]n-i) is annihilated by p n . Now, Addendum ll.7l shows that 

[p]n = p[l]n+ E P " ~f V*([\]„s). 
0<s<n P 

Here [p]„ = since A is an F p -algebra, and V 4 '([l]„-j) = p s V([V\ n -\) by the inductive 
hypothesis. Therefore, the formula becomes 

Q = p[l]n + (p pn ~ 1 - 1 -l)V([l] n - 1 ). 

But p"~ l — 1 ^ « — 1, so the induction step follows. □ 

Let A be a /^-torsion free ring equipped with a ring homomorphism (j) : A — > A such 
that (j)(a) = a p modulo pA. By Lemma fTTl there is a unique ring homomorphism 

X$: A^W{A) 

whose nth ghost component is (j)". We define : A — > W (A/pA) to be the composite 
of and the map induced by the canonical projection of A onto A/pA. We recall that 
A/pA is said to be perfect, if the Frobenius <p : A //?A — > A/pA is an automorphism. 
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Proposition 1.13. Let A be a p-torsionfree ring equipped with a ring homomorphism 
<j): A — > A such that 0(a) = aP modulo pA, and suppose that A/pA is perfect. Then 
for every positive integer n, the map induces an isomorphism 

T^.A/p n A^W„(A/pA). 
Proof. The map induces a map as stated since 

V n W(A/pA) = V"W(0"(A/pA)) = V"F n W(A/pA) = p n W(A/pA); 



compare Lemmas 11.81 and 11.121 The proof is completed by an induction argument 
based on the following commutative diagram. 



0- 







->A/pA — >A/p n A- 



->A/p"- [ A 



■>A/pA W n (A/pA) — ^ W„-!(A/pA) 



->0 



-+0. 



Here the top horizontal sequence is exact, since A is p-torsion free, and the left-hand 
vertical map is an isomorphism, since A / pA is perfect. □ 

We return to the ring of big Witt vectors. We write (1 +tA [[?]])* for the multiplica- 
tive group of power series over A with constant term 1. 

Proposition 1.14. There is a natural commutative diagram 



W(A) 



-> (1+fAflfl 



-> tA 



where the horizontal maps are defined by 
y(ai,a 2 ,...) = -a n t"Y\ 



f(x U X 2 ,...}=Y,Xnt n . 



The maps J and J w are isomorphisms of abelian groups. 

Proof. It is clear that y w is an isomorphism of abelian groups. We show that the map 
7 is a bijection. To this end, we write 

a n t n Y l = (1 + bit + b 2 t 2 + ...)-' 

«>i 

where the coefficient b n is given by the sum 

b n =^(-l) r a; 1 ...a ir 

that ranges over all 1 ^ i\ < ■ ■ ■ < i r ^ n such that i\ -\-H%-\ h ri r = n. It follows 

that the coefficients a„ are determined recursively by the coefficients b n , and hence, 
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that 7 is a bijection. It remains to prove that 7 is a homomorphism from the additive 
group W(A) to the multiplicative group (1 + fA[[f]])*. We may assume that A is torsion 
free. Then the vertical maps in the diagram of the statement are both injective, and it 
suffices to show that this diagram commutes. The calculation 

4log(n(l-<*V) = ~ E *|log(l -a d t d ) = I 
at i>x d>l ai 1 a d i 

= ££^-4^ = £ j><#*= I d>f>" 

d^ls^O d^\q^\ n^l d\n 

completes the proof. □ 
Addendum 1.15. The map 7 induces an isomorphism of abelian groups 

Ys :W s (A)^r s (A) 

where /5(A) is the quotient of the multiplicative group r(A) = (1 +?A[[f]])* by the 
subgroup Is (A) of all power series of the form YlneN^si^ ~ a n t n ) . 

Proof. The kernel of the restriction map /??: W(A) — > Ws(A) is equal to the subset 
of all vectors a = (a n \ n G N) such that a n = 0, if n G S. The image of this subset by 
the map 7 is the subset /5(A) C P. □ 

Example 1.16. If 5= {1,2,. . .,«}, then / s (A) = (1 +f' !+1 A[[f]])*. Hence, in this case, 
Addendum l 1 . 1 51 gives an isomorphism of abelian groups 

Ys- W {1 . 2 ....,„ } (A) ^ (l+tA[[t}}r/(l+t" +i A[[t}}r. 

For A a Z( p ) -algebra, the structure of this group was examined in Example ll.lll 

Lemma 1.17. Let p be a prime number, and let A be any ring. Then the ring homo- 
morphism F p : W(A) — > W(A) satisfies that F p (a) = a? modulo pW(A). 

Proof. We first let A = Z[a\ , #2 > • • • ] an d fl = ( a 1 , a 2 > ■ ■ ■ ) ■ If suffices to show that there 
exists b G W(A) such that F p (a) — a p = pb. By Lemma [L9l the element is necessarily 
unique; we use Lemma 1X7X1 to prove that it exists. We have 

w n (F p (a) -aP) = £ daf d - (^dafy 

d\pn d\n 

which is clearly congruent to zero modulo pA. So let x = (x„ | n G N) with 

x„ = -(F p (a)-a p ). 
P 

We wish to show that x = w(b), for some b G W(A). The unique ring homomor- 
phism fy: A — >■ A that maps a„ to satisfies that <f>e(f) = f e modulo £A, and hence, 
Lemma [TXI shows that x is in the image of the ghost map if and only if 

x„ = fa{x n /t) 
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modulo t'^A, for all primes £ and all n G £N. This is equivalent to showing that 

W„{F p (a)-a p ) = § e {w n i p {F p (a)-a p )) 

modulo f «H4, if I ^ p and n G £N, and modulo f *M +1 A, if I = p and n G £N. If 
£ ^ p, the statement follows from Lemma [TT1 and if £ = p and n G £N, we calculate 

w„(F p (a)-a p ) - $ p {w n /p{F p {a)-a p )) 



din 



d\(n/p) 



lfd\pn and djn, then Vp(d) = v p (n) + 1, so the first summand is congruent to zero 
modulo p v p("' +1 A. Similarly, if d | « and J { (n/p), then Vp(<i) = v p (n), and hence, 



rf|(n/p) 



modulo p v p^A. But then 



d|n d\(n/p) 

modulo p v p(") +1 A; compare the proof of Lemma ll.ll This completes the proof. 

We write e = Ea ■ W(A) — > A for the natural ring homomorphism wi : W(A) 
Proposition 1.18. There exists a unique natural ring homomorphism 

A=A A : W(A) -> W(W(A)) 

smc/z f/iaf w n (A(a)) = F n (a) for all positive integers n. Moreover, the diagrams 

WfeO A 



□ 

'A. 



W(A)4^W(W(A)) 



^W(A) 




W(W(W(A))) <• 
W(4a) 
W(W(A)) f 



J V.'[.l) 



4i 



W(W(A)) 

A* 
W(A) 



commute. 

Proof. By naturality, we may assume that A is torsion free. Lemma [L9l shows that 
also W(A) is torsion free such that the ghost map 

w: W(W(A)) -> W(A) N 

is injective. Lemma [1.1 71 and Lemma fTTTI show that the sequence (F„(a) | a G N) is 
in the image of the ghost map. Hence, the natural ring homomorphism A exists. The 
commutativity of the diagrams is readily verified by evaluating the corresponding 
maps in ghost coordinates. □ 
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Remark 1.19. The map A„ : W(A) — > W(A) given by the nth Witt component of the 
map A is generally not a ring homomorphism. For example, for a prime number p, 
the map A„ is the unique natural solution to the equation F p (a) = a 1 ' + pA p (a). 
The definition of a A-ring due to Grothendieck [7| may be stated as follows. 

Definition 1.20. A A-ring is a pair (A, Aa) of a ring A and a ring homomorphism 
Xa '■ A — > W(A) that the following diagrams commute. 



W(A) 




W(W(A)) W(A) 



W(A)« — 

A morphism of A -rings / : (A , Xa) — > {B, A#) is a ring homomorphism / : A — s> B with 
the property that A# o / = W(/) o Aa. 

Remark 1.21. The commutative diagrams in Proposition 11.181 and Definition 11.201 
express that (W(— ),A,e) is a comonad on the category of rings and that (A,Aa) is a 
coalgebra over this comonad, respectively. The composite ring homomorphism 



> W(A) 



-+A 



is called the nth associated Adams operation. We write \]/A,n ■ A — > A for this map. 
We further write Aa,, ? : A — > A for the nth component of the map Xa ■ A — > W(A). It is 
related to the traditional A-operation A^ : A — > A [1 Expose V] by the formula 



We note that X A : A — > A and X^ : A — > A are generally not ring homomorphisms. 

Finally, we recall the following general theorem which was proved independently 
by Borger [2 Theorem B], [3 Corollary 15.4] and van der Kallen ifTTl Theorem 2.4]. 

Theorem 1.22. Let f: A — > B be an etale morphism, let S be a finite truncation set, 
and let n be a positive integer. Then the morphism 



;(/): W S (A)^W S (B) 



is etale and the diagram 



W S (A) 



Ws(/) 



W S/ „(A) 



-> W S (B) 



■^W S/ „(B) 



/i cartesian. 



□ 



We remark that in loc. cit., the theorem above is stated only for those finite trun- 
cation sets that consist of all divisors of a given positive integer. These truncation 
sets, however, include all finite /^-typical truncation sets, and therefore, the general 
case follows immediately by applying Proposition ll.101 
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2 Modules and derivations over A -rings 

In general, given a category c € in which finite limits exist and an object X of % ', 
Quillen [ 15] defines the category of X-modules to be the category /X)^ of abelian 
group objects in the category over X. Quillen further defines the set of derivations 
fromX to the X-module (Y /X ,+y ,0y , — y) to be the set of morphisms 

Der(X, (Y/X,+ Y ,0 Y , -y)) = Uom v/x (X/X,Y/X) 

in the category c € jX. This set inherits an abelian group structure from the abelian 
group object structure on Y jX. In this section, we identify and study these notions in 
the case of the category six °f A -rings. 

To begin, we first recall the case of the category srf of rings, which we always 
assume to be commutative and unital. Let A be a ring and let ./#(A) be the usual 
category of A-modules. We define an equivalence of categories 

K/A) ab £==t JZ{A) 

G 

as follows. Let / : B —> A be an object of s/ /A, and let 



Bx A B 



^B 




^B 



be abelian group object structure maps. Then the functor F associates to the abelian 
group object (/,+,0,— ) the A-module M defined by the kernel of the ring homo- 
morphism / with the A-module structure map given by a ■ x = 0(a)x. Conversely, the 
functor G associates to the A-module M the abelian group object (/, +,0, — ) where 
/: A ©M — > A is the canonical projection from the ring given by the direct sum 
equipped with the multiplication (a,x) ■ (a',x') — (aa! ,ax' + a'x) together with the 
abelian group object structure maps 



AfflM x A A(BM ■ 



4AffiM 



->-A©M 



A ©M ■ 

/ 



-4-AffiM 



defined by (a,x) + (a,x ! ) = (a,x+x'), 0(a) = (a,0), and ~(a,x) = (a, —x). We claim 
that the natural transformations rj : id FG and e : GF id given by 

r][x) = (0,x) 
e(a,x) = 0(a) +x 



are well-defined and isomorphisms. This is clear for the map 77. It is also clear that 
the map e : A ©M — » B is an isomorphism of abelian groups; we must show that it is 
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a ring homomorphism and a map of abelian group objects. Since + B : B Xa B — > B is 
a ring homomorphism, the compositions + B and + on M are mutually distributive. 
They further have the common unit = 0(0), and hence, agree. Therefore, 

£(a,x) + B e{a,x') = (0(a) +x) + B (0(a) + x) 

= (0(a) + B 0(a)) + (x+ B x')= 0(a) + (x+x') = e(a,x + x'). 

It remains to prove that e is multiplicative, or equivalently, thatM C B is a square-zero 
ideal. Since + B : B x A B — > B is a ring homomorphism, we have 

e(a,x)e(b,y) + B e(a,x')e(b,y') = (e(a,x) + B e(a 1 x'))(e(b 1 y) + B e(b,y')) 

which, by the formula just proved, becomes 

0(ab) +0(a)y + 0(b)x+xy + 0(a)/ + 0(b)x'+x'y' 
= 0(ab)+0(a)(y + y')+0(b)(x+x r ) + (x+x')(y + y'). 

This shows that e: AQ)M ^ B is a ring homomorphism as desired. 

We next consider the ring of Witt vectors in the ring A © M. We note that the 
polynomials s n , p„, and i„ that defined the sum, product, and opposite in the ring of 
Witt vectors have zero constant terms. Therefore, the ring of Witt vectors is defined 
also for non-unital rings. Since M has zero multiplication, it follows that W(M) has 
zero multiplication and that the addition is componentwise addition. 

Lemma 2.1. The canonical inclusions induce a ring isomorphism 

ini t +in 2 »: W(A)0W(M) ^>W(A0M) 

where, on the left-hand side, the ring structure is induced from the W(A)-module 
structure on W(M) defined by (ax) n — w„(a)x n . 

Proof. In the following diagram of rings and ring homomorphisms, the sequence of 
map directed from left to right is an exact sequence of additive abelian groups. 

in 

>M 2 -^A®M^^A >0 

pri 

It induces a diagram of rings and ring homomorphism where again the sequence of 
maps directed from left to right is an exact sequence of abelian groups. 

in ^ n l* 

> W(M) W(A (B M) j : W(A) > 

pri* 

Hence, the map ini*+in2* is an isomorphism of abelian groups. Moreover, since 
W(M) has zero multiplication, this map is a ring isomorphism for the ring structure 
on the domain induced from the W(A)-module structure on W(M) defined by the 
formula in2*(ax) = ini H ,(a)in2*(x). Finally, we wish to show that ax is equal to the 
Witt vector y with nth component w n (a)x n . We may further assume that A andM are 
both torsion free. Since the ghost map is injective in this case, it will suffice to show 
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that w n (ax) = w n (y), or equivalently, that in 2 (w„(ax)) = in 2 (w„(y)), for all n ^ 1. 
Now, since w n is a natural ring homomorphism, we find that for all n ^ 1, 

m 2 (w n (ax)) = w„(in 2 *(a*)) = w n (mu(a)m 2 *(x)) = w„(mu(a))w n (in 2 *(x)) 
= in 1 (w„(a))in 2 (n'„(x)) = m 2 (w n (a)w n (x)) = m 2 (nw n (a)x n ) 
= 'm 2 (ny n ) =in 2 (w„(y)) 

as desired. Here the fifth equality follows from the definition of the multiplication on 
the direct sum ring A © M. □ 

We give an explicit recursive formula for the ring isomorphism ini* +in 2 *. 
Lemma 2.2. Let b = ini*(a) +in 2 *(x) and write b n = (a„,y„). Then for all n 1, 

E(n/d)-\ 
ay y d =x n . 

d\n 

Proof. Since every ring admits a surjective ring homomorphism from a torsion free 
ring, we may assume that A and M are torsion free. We now calculate w„{b) in two 
different ways. First, since w n is a natural ring homomorphism, we have 

w„(b) = w„(ini*(fl)) +w„(in 2 *(x)) = ini(w„(a)) +m 2 (w n (x)) 
= (w n (a),w„(x)) = (Y,da"J a \nx„). 

d\n 

Second, by the definition of the multiplication in A ©M, we have 

Mb) = L db f - Ld{a d , yd yl d = (£daf^na^ d) - l y d ). 

d\n d\n d\n d\n 

The stated formula follows as M was assumed to be torsion free. □ 

Example 2.3. Let p be a prime number. Then y p — x p — a p ^ l x\ . 

We proceed to identify the category (^/(A,A.A))ab of abelian group objects in 
the category of A-rings over the (A, Xa). By category theory, there is an adjunction 

R 

with the left adjoint functor defined by u(A, Xa) = A and with the right adjoint functor 
definedby R(A) = (W(A),Aa). The unitand counitof the adjunction are defined to be 
the maps X A : (A,X A ) ->• (W(A),A A ) and e A : W(A) ->A, respectively. Since W(-) 
preserves limits, u creates limits. In particular, the category s^x has all small limits. 
It follows, that for (A, Xa) an object of there is an adjoint pair of functors 

^X/{A,X A ) ; ' ^ I A 
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where the left adjoint functor U(a,A. a ) maps /: (B,Xb) — > (A, AO to /: B — >• A, and 
where the right adjoint functor R(a,Xa) maps / : B — > A to pr 2 : (C,Ac) — > (A, AO 
defined by the following pull-back diagram. 



(CM 



pr 2 



B),A B ) 



w(/) 



-> (W(A),^ 



(A, AO ■ 

The unit andcounit maps are defined to be the maps (Ab,/), and egopr^ respectively. 

If M is an A-module, we view W(M) as a W(A)-module as in Lemma [2TTI We 
now make the following definition of the category Ji( (A, Xa) of (A, AA)-modules. 

Definition 2.4. Let (A,Aa) be a A-ring. An (A, AO-module is a pair (M,Am) of an 
A-module M and a A^-linear map 



Am: M - 

with the property that the diagrams 



W(M) 



M i 




W(W(M)) <— ^ W(M) 



W(M) f- 



commute. A morphism h : (M, Am) — > (N, Xn) of (A, AO -modules is an A -linear map 
h: M such that X N oh = W(h) o A M . 

Remark 2.5. Let (A,Aa) be a A-ring, M an A-module, and Xm- M — > W(M) a map. 
Then (M,Xm) is an (A, Aa) -module if and only if the components Xm,h' M — > M of 
the map Am satisfy the following conditions: The map Am,« is linear with respect to 
the nth Adams operation i//a,« = w„ o Aa; the map Am,i is the identity map; and the 
composite map Am,™ ° Am,« is equal to the map AM, m «- 

Example 2.6. Let (A, AO be a A-ring. The functorthat to an (A, AO-module (M,Am) 
assigns the underlying set of M has a left adjoint functor that to the set S assigns the 
free (A, AO-module (F(S),X F ^) defined as follows. The A-module F (S) is defined 
to be the free A-module generated by the symbols Xprsy„(s), where s£S and n 6 N, 
and Xp r$\ : F(S) —> W(F(S)) is defined to be the map with mth component 

^■F(S),m(Y, a s,n^F(S),n( s )) = WA,m( a s.n)X F ( S ) Mn {s). 

It follows from Remark l2~5l that the pair (F(S), Xp r$\) is an (A, Aa) -module. The unit 
of the adjunction maps s G S to kp(g\ t i(s) 6 F(S), and the counit of the adjunction 
maps IX,«A/7( M ),„(0 6 F(M) to Za x ^M,n( x ) e M - 

Example 2.7. Let (A, Aa) be a A-ring. Then (A, Aa) is not an (A, AO-module except in 
trivial cases. However, the Adams operations x^A.n '■ A — >• A define an (A, AA)-module 
structure on A considered as an A-module. The (A, AO-module defined in this way is 
not a free module except in trivial cases. 
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Example 2.8. Let A be a ring, unital and commutative as usual, and let K*(A) be 
the graded ring given by the Quillen Zf-groups. Then the ring Ko(A) has a canonical 
A -ring structure defined by Grothendieck 0, and for all q ^ 1, the group K q {A) 
has a canonical structure of a module over this A -ring defined by Rratzer Ifl2l and 
Quillen 1 10 1. The (Kq(A), A^ (a)) -module structure maps are determined by the maps 

K q (A)-K q {A)^K q {A) 

defined in [12, Theoreme 5.1]. We remark that the corresponding Adams operation is 
given by WK q {A),n = ( — 1) wA^ compare Remark fl .211 

We show that the categories .,#(A,A A ) and (,e^/(A, AA))ab are equivalent. First 
note that since the adjoint functors «(a,A a ) an d R(A,l A ) considered earlier both preserve 
limits, they give rise to the following adjoint pair of functors. 



Cf4/(A,A A )) ab ^ 



U {A.l A ) 



2 (^M) ab 



(A,x A ) 



Next, we define a pair of functors 



{^ X /{AM)U ^(A,A A ) 



as follows. If/: (B,Xb) —> (A, A A ) is an object of &/i/(A, A4) and if 



(B,A s )x (Mi) (B,Xb) — — > (B,Xb) 



{AM) 



/ 



{AM) 



{AM) 



-> {BM) 

f 

= {AM) 



{BM) 

f 

{AM) 



+ (B,X B ) 

f 

= (A,A A ) 



are abelian group object structure maps, then the functor F associates to the abelian 
group object (/, +,0, — ) the (A, A^-module (M, Am), where M = ker(/) considered 
as an A-module via : A — > B, and where Am : M — > W{M) is the induced map of 
kernels of the vertical maps in the following diagram. 



B 



(5) 

W(/) 



-> W(A) 
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Conversely, if (M,Am) be an (A, AA)-module, then G (M,Xm) is the unique abelian 
group object such that ^ (G x (M, Am)) = G(M) and such that the A -ring structure 
on the ring A (B M is given by the map Aa©m defined by the composition 

A ©M Aa@ ^ m > W(A)eW(M) in '* +i " 2 * > W(A®M). 

Finally, it follows from what was proved earlier that there are well-defined natural 
isomorphisms 77^ : id F X G X and £ X : G X F X id given by 

r]\x) = (0,x) 

E x {a,x) = 0(a)+x. 

This shows that the categories (^4/(A, Xa))^ and Ji{A, Xa) are equivalent. 

We summarize with the following diagram of categories and functors, where the 
horizontal pairs of functors are equivalences of categories, and where the vertical 
pairs of functors are adjoint pairs of functors. 

KM)ab < F } jz{a) 

G -f- 

U (AX A ) K {A,X A ) u' R' 

i F l i 

(^l/(A,X A )) ab ^^J?(A,X A ) 

G^ 

The left-hand adjunction is defined as follows. The left adjoint functor u' takes the 
(A, AO-module (M,Xm) to the A-module M, and the right adjoint functor R' takes 
the A-module N to the (A, X A ) -module (XpN(N),A N ), where A^W(iV) denotes the 
W(A)-module W(N) considered as an A-module via Xa ■ A — > W(A). The unit and 
counit of the adjunction are given by the maps Xm- (M,Am) — > (Aj[W(M), A*/) and 
£ N : X^W(N) ->■ N, respectively. 

Proposition 2.9. The category ^£{A,Xa) of modules over the X-ring (A,Aa) is an 
abelian category. Moreover, the forgetful functor u 1 : J£{A,Xa) — > ..#(A) creates all 
small limits and colimits. 

Proof. We may identify Jt (A , Xa ) with the category (A v [N] ) of left modules over 
the twisted monoid algebra A with multiplication given by n ■ a = y/A,«(a) • n. □ 

Remark 2.10. A map of A-rings /: (B,Xb) — > (A, Xa) gives rise to a functor 

/*: ,#(A,Aa)-^(B,A b ). 

defined by viewing an (A, AA)-module (N,Xn) as a (B, A^-module f*(N, Xn) via the 
map /. The functor /* has a left adjoint functor that to the (B, Ag)-module (M,Am) 
associates the (A, A4)-module defined by 

(A,X a )<8>(b,\ b ) (M,X M ) = (A® b M,Xa® b m) 
where Xa® b m is given by the composition of Xa <8>^ b Am and the map 

W(A) (g> w(B) W(M) W(A ®bM) 
that to a ® x associates the vector whose nth Witt component is w n {a) ®x n . 
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One similarly verifies that Quillen's notion of a derivation of the A -ring (A,A A ) 
into the (A, A A ) -module may be characterized as follows. 

Definition 2.11. Let (A,A A ) be a A -ring and let (M,Am) be an (A, AO-module. A 
derivation from (A, Am) to (M, Am) is a map 

D: (A,A A ) -> (M,A M ) 

such that the following (l)-(3) hold. 

(1) For all a,b G A, D(a + b) = D(a) + D(b). 

(2) Foralla,bGA, D(ab) = bD(a) + aD(b). 

(3) For all a G A and n G N, A M , n (£>a) = L|« A A , e (fl)("/ e )- 1 D(A A , f .(fl)). 

The set of derivations from (A, A A ) to (M, Am) is denoted by Der((A, A A ), (M, Am))- 
Lemma 2.12. Lef (A,Xa) be a X-ring. There exists a derivation 

d: {A,X A )^(Q iAM ,Xn {A ^ A) ) 

with the property that for every (A^X/^-module (M,Am), the map 



8: Hom (A) ^ ) ((i2 (AAA)) Ax 3(A , k) ),(M,AM))-^Der((A,AA),(M,AM)) 
defined by 8(f) (a) = f(d(a)) is a bijection. 

Proof. We define the target of the map d to be the quotient of the free (A, A A ) -module 
(F,Xf) generated by {d(a) a G A} by the sub- (A, Xa) -module (R,Xr) C (F,Xf) gen- 
erated by d(a + b)—d(a) —d(b) with a,/? Go; by d(ab)—bd(a) —ad(b) with a,£> £ A; 
and by Xp.n(da) ~Y^e\n^A,e{ a )^ n ^ e ^ l d(XA, e (a)) with a G A and « G N. The map of 
takes a G A to the class of d(a) in X2( A ^ j. By construction, the map d is a derivation 
and the map 8 is a bijection. □ 

The inclusion of Der((A, Xa), (M, Am)) in Der(A,M) in general is a strict. It is 
represented by a map of A-modules X2 A — > Q,r A x A ) that we call the canonical map. 
We now prove Theorem|A]which states that this map is an isomorphism. 

Proof of Theorem^ We consider the following diagram of adjunctions. 



u (A,l A ) 



Hal 



a 

'ab 



(^/A) ab £ 



(Ml) 



(^/(A,A A )) ab ^ 



■±JZ(A,X A ) 



Here the functors i and / are the forgetful functors that forget the abelian group 
object structure maps, and the functors (— ) a b an d ( — )ab are trie respective left adjoint 
functors which we now define. It suffices to define the left adjoint functors F o (— ) a b 
and F^ o (— )\ of the composite functors i o G and ft o . The functor i o G takes the 
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A-module M to the canonical projection / : A © M — > A, and the left adjoint functor 
F o (— )ab takes /: B — >• A to the A-module 

B^A) ah )=A® B n B - 

The unit and counit maps of the adjunction are defined by r\(b) = (/(£>), 1 (gifo) 
and e(l (g)<i(a,;e)) = x, respectively. Similarly, the functor o takes the (A,Xa)- 
module (M,Xa) to the canonical projection /: (A ©M,Aa©m) — > (A, Xa). Here, we 
recall, Xa®m is defined to be the composite map (in^+k^*) o (Xa ®Xm). The left 
adjoint functor F x o (— )^ takes /: (B,Xb) -4 (A,Aa) to the (A, A-a) -module 

(ZUb) (A,A A )) ab ) = (A,A A ) fl^) 

and the unit and counit of the adjunction are defined by 77 (Z?) = (f(b), 1 Cgioffo) and 
e(l ®X a(BMjn (d(a,x))) = X M ,„(x), respectively. 

Now, in the diagram of adjunctions above, the diagram of right adjoint functors 
commutes up to natural isomorphism. Therefore, the diagram of left adjoint functors 
commutes up to natural isomorphisms. It follows that the natural transformation 

A®b&B^ u'({A,X A ) ®{B,l B ) Q (B,X B )) 
is an isomorphism. Taking (B,Xb) = (A, Xa), the theorem follows. □ 
Theorem 2.13. There are natural F n -linear maps F n : f2yy(A) ~~ ^ ^w(A) defined by 
F n {da)=Y< A AAat ,e) ~ l dAAAa)- 

C II 

Moreover, the following (l)-(3) hold. 

(1) For all m,n G N, F m F n = F mn , and F\ = id. 

(2) For allneN and a G W(A), dF n (a) = nF n (da). 

(3) For all n G N and a G A, F„d[a] = [a] n d[a]. 

Proof. The canonical map Q^/^a) — > &(w(a),Aa) * s an isomorphism by Theorem lAl 
and the codomain is a (W(A), A A )-module. We define 

F„=Xn mA) AAhn : & { w(a),a a ) -> ^(W(a),4 x ) 

to be the «th Witt component of the ( W (A ),A A ) -module structure map. It follows 
from Remark [23] that it is an F„ = w„ o A^-linear map and from Definition 12.111 (3) 
that it is given by the stated formula. Properties (1) and (2) follow immediately from 
the definition of a ( W (A ),Aa) -module and from the calculation 

dF„(a) =d(^eA A , e { a )" ,e ) = Y* nA A/e ^^WO) = nF n (da). 

e\n e\n 

Finally, to prove property (3), it suffices to show that A4, e ([a]) is equal to [a] and 0, 
respectively, as e = 1 and e > 1, or equivalently, that A ([a]) = [[a]]. We may assume 
that A = Z[a]. In this case, the ghost map is injective, and the calculation 

w n (A([a\))=F n ([a]) = [a] n = w n ([[a}}) 

shows that A ([a]) and [[a]} have the same image by the ghost map. □ 
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3 The anti-symmetric graded algebras A™,/,-, and £2 



We next introduce the anti-symmetric graded algebra G^u) which agrees with the 
alternating algebra ^ W(A) = Aw(a)^w(a) if the e l ement «log[-l] G is zero 

but which is different in general. 

Definition 3.1. Let A be a ring. The graded W(A)-algebra 



is defined to be the quotient of the tensor algebra of the W(A)-module ^2^(a) tne 
graded ideal generated by all elements of the form 

da®da — d log[— 1 ] <8> F 2 da 

with a G 



We remark that the defining relation da -da — dlog[— 1] • F 2 da is analogous to the 
relation {a, a} = {—I, a} in Milnor Zf-theory. 



Lemma 



3.2. The graded W(A)-algebra Qyy^ is antisymmetric. 



Proof. It suffices to show that the sum da-db + db-da G is equal to zero for 

all a, & e W(A). Now, on the one hand, we have 



d(a + b)-d{a + b) = d\og[-\]-F 2 d(a + b) = d\og[-\}- F 2 da + Jlog[- 1] ■ F 2 db, 

since F2J is additive, and on the other hand, we have 

d(a + b)- d(a + b) = da ■ da + da ■ db + db ■ da + db ■ db 
= aflog[— 1] • F 2 da + da ■ db + db ■ da + <ilog[— 1] -F 2 db 

This shows that da-db + db- da is zero as desired. □ 

Proposition 3.3. There exists a unique graded derivation 

d . £lfj&t i \ ~ t 



that extends the derivation d: W(A) — > and satisfies the formula 

ddco = rflog[-l] dco 
for all (O G fowuy Moreover, the element d\og[— 1] is a cycle. 



Proof. The relation dd(0 = d\og[— 1] ■ d(0 implies that d\og[— 1] is a cycle for the 
desired derivation d. Indeed, 

d(dlog[-l]) = d{[-l]d[-\}) = d\-\]-d[-\] + [-\}-dd[-l] 
= dlog[-l] -F 2 d[-l] + [-l]Jlog[-l] • d[-l] 
= dlog[-l] • [-!]</[-!] +dlog[-l] • [-l]d[-l] 
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which is zero by Lemma [3721 This proves that the desired derivation d is unique and 
given by the formula 

d(aoda \ . . .da q ) — da§da \ ■ ■ -da q + qdlog[— 1] • a§da\ . . .da q 

where ao,ai, . . . ,a q £ W(A). To complete the proof, it remains to prove that the map 
d given by this formula is (a) well defined, (b) a graded derivation, and (c) satisfies 
ddco — dlog[— 1] dco. First, we have 

d(ciQdai . . . da p ■ b§db\ . . . db q ) — d(a( i b( i dai . . . da p db\ . . . db q ) 
= d(aobo)da\ . . . da p db\ . . .db q + (p + <7)<ilog[— 1] • a^bodai . . . da p db\ . . .db q 
= daoda \ . . ,da p ■ bodb\ . . .db q + pd\og[— 1] • aoda\ . . .da p ■ b§db\ . . .db q 

+ {—\) p {aQda\ . . . da p ■ db(,db\ . . .db q + a^da \ . . .da p ■ d\og\— 1] • b§db\ . . . db q ) 
= d(aoda \ . . .da p ) ■ b§db\ . . .db q + (—l) p aoda\ . . .da p ■ d(bodb\ . . .db q ) 

which proves (b). Next, using that 2 divides q 2 + q, we find 

dd{aQda\ . . . da q ) = d(daodai . . . da q + qdlog[— 1] • a^dai . . .da q ) 
= (q + l)c/log[— 1] • daoda \ . . .da q — qd\og[— 1] • da§da\ . . .da q 

— qdlog[— 1] • <7£/log[ — 1] • aodai . . . da q 
= dlog[— 1] • (daoda\ . . .da q + qdlog[— 1] -aodai . . .da q ) 
= c/log[— 1] • d{a(,da\ . . .da q ) 

which proves (c). Finally, to prove (a), we must show that for all a,b £ W(A), the 
following two types of elements of Ajjy^ are zero. 

d(d(ab) — bda — adb) 
d(dada — d\og[— 1] • F2da) 

First, using Lemma USI together with (b) and (c), we find that 

d(d(ab) — bda — adb) = dd(ab) — dbda — bdda — dadb — addb 
= dlog[— 1] • d(ab) — d\og[— 1] • bda — d\og[— 1] • adb 
= d\og[— 1] • (d(ab) — bda — adb) 

which is zero, since d: W(A) — > AJy^s is a derivation. This shows that the first type 
of elements are zero. Next, (b) and (c) show that 

d(dada) =2flflog[— 1] ■ dada 

which is zero as is 

d(d\og[— 1] -F^da) =aflog[— 1] -dF^da 

= d\og\— 1] • d(ada + dA2(a)) 

= dlog[— 1] • (dada + iilog[— 1] -F^da) 

by the definition of Q^^ A y Hence also the second type of elements are zero. This 
completes the proof of (a) and hence of the proposition. □ 
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Remark 3.4. In general, there is no W(A)-algebra map /: Aj)y( A ) — > ^w(a) mat * s 
compatible with the derivations. 

Proposition 3.5. Let A be a ring and let n be a positive integer. There is a unique 
homomorphism of graded rings 

that is given by the maps F n : W(A) — > W(A) and F n : — > ^w(A) degrees 

and 1, respectively. In addition, the following formula holds. 

dF n = nF n d 

Proof. The uniqueness statement is clear: The map F n is necessarily given by 

F„(a dai ...da q ) = F„(a )F n (da 1 ) . . .F„(da q ) 

where ao,...,a q 6 W(A). We show that this formula gives a well-defined map. To 
prove this, we must show that for every a 6 W(A), 

F n (da)F„ (da) = F n (d log[- 1] )F n (F 2 da). 
It will suffice to let n — p be a prime number. In this case, we find that 
Fp(da)F p (da) — (a p ~ l da + dA p (a)) ■ (a p ~ l da + dA p (a)) 
= (a p - l ) 2 da-da + dA p (a)-dA p {a)=dlog[-l}-((a p - 1 ) 2 F 2 da + F 2 dA p (a)) 
= dlog[-l] • {F 2 (a p - l )F 2 da + F 2 dA p (a)) = <ilog[-l] -F 2 F p da 
= F p (dlog[-l] -F 2 da) 

where we have used that F 2 (a) is congruent to a 2 modulo 2W(A). This shows that 
the map F„ is well-defined. It is a graded ring homomorphism by definition. 

We next prove the formula dF n = nF„d. Again, we may assume that n = p is a 
prime number. We already know from the definition of F n : — > that for 

all a e W(A), dF p (a) = pF p (a). Now, for all a e W(A), 

dFp(dd) — d(a p ~ l da + dA p (a)) = (p— l)a p ~ 2 dada + dlog[— 1] -F p da 

which is equal to zero for p = 2, and equal to d\og[— 1] • F p da for p odd. Hence, for 
every prime p and every a e W(A), we have 

dF p (da) — pd\og[— 1] -F p da = pF p (dlog[— 1] -da) = pF p d(da) 

as desired. Now, let a , . . . ,a q s W(A). We find 

dF p (aodai . ..da q ) = d(F p (ao)F p dai . ..F p da q ) 

= dF p (a )Fpda 1 ...F p da q + £ (-l)'' 1 Fp(a )Fpda 1 . . .dFpdai . . .F p da q 

= p(F p da F p da l ...F p da q + (-iy~ l Fp(a )Fpdai . . .F p ddai. . .F p da q ) 

= pF p d(a()da\ . ..da q ) 
as stated. This completes the proof. □ 
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We next define the quotient graded algebra Ay^) of the graded algebra Q, 
and show that the Frobenius F n and derivation d descend to this quotient. 

Definition 3.6. Let A be a ring. The graded W(A)-algebra 

is defined to be the quotient by the graded ideal K generated by the elements 

F p dVp(a) —da — (p— l)dlog[— 1] -a 
where p ranges over all prime numbers and a over all elements of ^ 



We remark that if the prime number p is invertible in A and hence in W(A), then 
the element F p dV p (a) — da — (p — l)Jlog[— 1] • a already is zero in £2^ 



Lemma 3.7. The Frobenius F n : foyy(A) — > ^ W (A) induces a map of graded algebras 

F n '■ ~ * 



Proof. It will suffice to show let n = I be a prime number and show that for all prime 
numbers p and all a e W(A), the element 

F e (F p dV p (a) -da- (p- l)dlog[-l] -a) G ^w(A) 
maps to zero in AL,. V Suppose first that p = I. For p odd, we find 



F p (F p dV p (a) - da) = F p (pP- 2 V p ( a P- l )dV p (a) - pP- 2 dV p { a P)) 
= pP- X aP- l F p dV p {a)-pP- 2 F p dV p {aP) 

whose image in £2w(A) is zero since F p dV p = d: W(A) — > £2w(A) and the common 
map is a derivation. Similarly, for p = 2, we find 

F 2 (F 2 dV 2 (a) -da-d\og[-l] -a) = F 2 (V 2 (a)dV 2 (a) - dV 2 (a 2 ) - dlog[-l] -a) 
= 2aF 2 dV 2 (a) - F 2 dV 2 (a 2 ) -«/log[-l] ■ F 2 {a) 

whose image in £2yy(A) is 

2ada-d(a 2 ) - Jlog[-l] • (a 2 + F 2 (a)) 

which is zero since d is a derivation and since a 2 +F 2 (a) divisible by 2. Suppose next 
that p^i.ln this case, we recall, F(F p = F p F( and I divides — 1. Now, if both p 
and £ are different from 2, we find 



F((F p dV p (a) — da) = F p (F(dV p (a)) — Ffda 
F p {V p {af- l dV p {a)+d{ 



F ^- V ^))-a^da-d( F ^- a 



I 

t-\„l 



= F p ( p e- 2 V p (^)dV p (a)+dv / i{a) -f~ a ))-a^da-d£M^L) 
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whose image in fll,.> is 



which is zero since d is a derivation. Similarly, if p = 2 and I ^ p, we find 

F e (F 2 dV 2 {a)-da-dlog[-l]-a)=F 2 (F e dV 2 (a)) -F e da - dlog[-l] -F*(a) 
= F 2 (V 2 (a)^^ 2 (a) + 4 ^ 2(a) 7 V2(a) ' ) 

- a £ "' - </( Ff ^ ~ " ) - dlog[- 1] ■ F<(a) 
= 2'-V- 1 F# 2 (a)+W 1 (- <(fl) " 2< " lfl '> 



whose image in fli,,, is 



a t - x da-d( Fl{a \ al )-d\og\-\\-F t {a) 



(2^ - l)a^da 2 —^d(/) + Jlog[-l] ■ ( Ft{ft) ~^ -Ft{a)) 

which is zero since d is a derivation and since I is congruent to 1 modulo 2. Finally, 
if £ = 2 and/? we find 

F 2 (F p dV p (a) -da) = F p (F 2 dV p (a)) -F 2 da 

= F p (V p{ a)dV p{ a) + d( F ^- V ^ )) -ada - d(^^) 

, \ ,F 2 (a) — na 2 . ,F 2 {a) — a 2 . 
= paF p dV p (a) + F p dV p ( 21 1 )-ada- d(^^ ) 

whose image in i2L,, is 



(p-l)ada-^-d(a 2 ) 
which is zero since d is a derivation. □ 
Lemma 3.8. For all positive integers n and a e W(A), the relation 
F n dV„(a) =da + (n-l)d\og[-i\-a 

holds in Qi 
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Proof. We argue by induction on the number r of prime factors in n that the stated 
relation holds for all a £ W(A). The case r = 1 follows from Definition l3.6l So we let 
n be a positive integer with r > 1 prime factors and assume that the relation has been 
proved for all positive integers with less than r prime factors. We write n = pm with 
p a prime number. Then 

F n dV„{a) = F p F m dV m V p {a) = F p {dV p {a) - (m - l)dlog[-l] • V p {a)) 
= F p dVp(a) — (m — l)c/log[— 1] ■F p V p (a) 
= da — (p — l)rflog[— 1] • a — p{m — \)d\og[— 1] • a 
= da — [n — l)c/log[— 1] • a 

which proves the induction step. □ 

Lemma 3.9. The graded derivation d : — > ^w(A) induces a graded derivation 

Proof. We must show that for all prime numbers p and a £ W(A), the element 
d(F p dVp(a) —da—(p— l)dlog[-l] -a) £ 

maps to zero in ■Q^^j • First, for p = 2,we have 

d(F2dV2{a) — da — dlog[— 1] • a) = dF2dV2(a) — dda + c/log[— 1] • c/a 
= F 2 ddV 2 (a) = 2F 2 ddV 2 (a) = 2d\og{-\] ■ F 2 dV 2 {a) 

which is even zero in flL, . For /? odd, we find 

d(FpdV p (a) — da) = d(V p (a) p ~ l dV p (a) + dA p (a)) — dda 

= {p-l)V p (a) p - 2 dVp(a)dVp(a)+d\og[-l]-FpdVp(a)-d\og[-l}-da 

= (p- \)V p {a) p ~ 2 dlog[-\] ■F 2 dV p {a)+dlog{-\\ ■ (F p dV p (a) - da) 
= c/log[— 1] • (F p dVp(a) — da) 

which maps to zero in Myyu} as desired. Here we have used that p — 1 is even. □ 

Definition 3.10. Let A be a ring, let S C N be a truncation set, and let Ig(A) C W(A) 
be the kernel of the restriction map Rg : W(A) — > W$(A). The maps 

R ^ '■ Av(A) Av 5 (A) 
: ^W(A) ^W S (A) 

are defined to be the quotient maps that annihilate the respective graded ideals gener- 
ated by I S (A) and dI s (A). 
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Remark 3.11. The kernel K' s of the canonical projection —> Q^, A > is equal 

to the graded ideal generated by the elements 

V p (R S s/p (ay- l )dV p R S s/p (a) -pP- 2 dV p R S s/p (aP) - (p - l)dlog[-l] s • a 

with p a prime number and a £ Wj(A). 

Remark 3.12. Let p be a prime number and let S be a /j-typical truncation set. Then 
the ideal V p W s / p (A) C Wj(A) has a canonical divided power structure defined by 

V p (a)M = ^V p (a"). 

Suppose, in addition, that the prime number p is odd and that A is a Z/ p )-algebra. 
Then d : W$(A) —5- Q^, A ^ is a divided power derivation in the sense that 

d(V p (a)W)=V p (a)^- 1 Uv p (a) 

and it is universal with this property; see iTPTl Lemma 1.2]. 

Lemma 3.13. The derivation, restriction, and Frobenius induce maps 

d: ^Ws(A) ~^ ^Ws(A) (resp. d: ^ Ws ( A ) &w s (A)) 

R T '■ ^W S (A) ^W r (A) ( res .P- : ^Ws(A) ^W r (A)) 

F n : ^Ws(A) ^W 5 y„(A) ( res P- ^« : ^W S (A) ~^ ^W S/ „(A)) 

Proof. To prove the statement for <f , we note that as d is a derivation, it suffices to 
show that Rf(ddIs(A)) C ^ s (a) is zero - But if x e Is(A), then 

J$ (d<&) =J$(</log[-l] •<&) = J$(</tog[-l]) -J$(<fc) 

which is zero as desired. It follows that R®(dI s {A)) = dR^(I s (A). Hence, also the 
statement forR^ follows as Rj(Is(A) is trivially zero. Finally, to prove the statement 
for F„, we show that both R®,(F n (I s (A))) and R®,(F n (dI s (A))) are zero. For the 
former, this follows immediately from Lemma [T~4l and for the latter, it will suffice to 
show that for divisors e of n, A e (Is(A)) <Zls/ e (A). Moreover, to prove this, we may 
assume that A is torsion free. So let e be a divisor of n and assume that for all proper 
divisors d of e, A d (I s {A)) C I s / d {A). Since F e {I s (A)) C I s / e {A), the formula 

F e {a) = Y,dA d {a) e ' d 

d\e 

shows that eA e (Is(A)) C Is/ e (A). The lemma follows. □ 

Lemma 3.14. For every ring A, the differential graded algebras Q A and £2 A are 
equal and the canonical projection Q A — > Q A is an isomorphism. 

Proof. Since d\og[— 1]jh is zero, Q A = Q A as stated. Moreover, Remark l3. 1 ll shows 
that the kernel K^ij of the canonical projection £2 A —> £2 A is zero. □ 
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4 The big de Rham-Witt complex 

In this section, we construct the big de Rham-Witt complex. The set J of truncation 
sets is partially ordered under inclusion. We consider J as a category with one mor- 
phism from T to S if T C S. If A is a ring, the assignment S H> W$(A) defines a 
contravariant functor from the category J to the category of rings, and this functor 
takes colimits in the category J to limits in the category of rings. Moreover, the as- 
signment S i-)- S/n is an endo-functor on the category 7, and the ring homomorphism 

F„: W S (A)^W S/ „(A) 

and the abelian group homomorphism 

V„: W S/ „(A)^W 5 (A) 

are natural transformations with respect to the variable S. 

We proceed to define the notion of a Witt complex over A. The original definition 
given in [ 8 Definition 1 . 1 . 1 ] is not quite correct unless the prime 2 is either invertible 
or zero in A. The correct definition of a 2-typical Witt complex was given first by 
Costeanu [6 Definition 1.1]. The definition given below was also inspired by [ 16 1. 

Definition 4.1. A Witt complex over A is a contravariant functor 

that to every truncation set S C N assigns an anti-symmetric graded ring E' s and that 
takes colimits to limits together with a natural ring homomorphism 

77s : W S (A)^£° 

and natural maps of graded abelian groups 

d:El^E« +l 
F n :El^E c < /n (neN) 

V n :El /n ^El (neN) 
such that the following (i)-(v) hold. 

(i) For all x E £f and x' E E$ , 

d(x-x')=d(x)-x' + (-iy X -d(x'), 
d(d(x))=dlogt] s ([-l]s)-d(x). 

(ii) For all positive integers m and n, 

Fi=Vi= id, F,„F„ = F nm , V n V m = V mn , 
F„V„ = n ■ id, F m V„ = V„F m if (m,n) = 1, 

Fn IS = Is/nFn , IsVn = V n rj s/n . 
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(iii) For all positive integers n, the map F n is a ring homomorphism and the maps F n 
and V„ satisfy the projection formula that for all x G Eg and y G £f/„, 

*-Vn(y)=V„(F„(x)y). 

(iv) For all positive integers n and all y G £|/ n , 

^V„(y) - d(y) + (n - l)dlogri s/n ([-l} s/n ) -y. 

(v) For all positive integers n and a 6 A, 

^s(Ms) = %/»([a]s/^)^s/n([a]s/n)- 
A map of Witt complexes is a natural map of graded rings 

such that fr\ - 77'/, /J = </'/, /F„ = F'J, and /V„ - V'J. 

Remark 4.2. (a) For T C 5 a pair of truncation sets, we write Rji E' s — > £ r for the 
map of graded rings that is part of the structure of a Witt complex. 

(b) Every Witt functor is determined, up to canonical isomorphism, by its value on 
finite truncation sets. 

(c) The element d log J]s([— is annihilated by 2. Indeed, since d is a derivation, 

2JlogTj s ([-l] s )=JlogT ?5 ([l] s ) = 0. 

Therefore, <f logT7,$([— is zeroif2is invertible inA and hence in Wj(A). It is also 
zero if 2 = in A since, in this case, \—\\s = [l]s- Finally, the general formula 

[-i}s = -[l}s + V 2 ([l}s /2 ) 
shows that dlogr]s([— l]s) is zero if every n G S is odd. 

Lemma 4.3. Lef m one/ n be positive integers, let c = (m,n) be the greatest common 
divisor, and let i and j be any pair of integers such that mi + nj = c. The following 
relations hold in every Witt complex. 

dF n = nF n d 1 V n d — ndV ni 

F m dV n = idF m/c V n/c + jF m/c V„ /c d + (c - l)dlogri s/m ([-l] s/m ) ■ F m/c V n/c , 
d\ogr, s ([-l} s )=^ l 2 r - 1 dV 2 rri s/2r ([l} s/2r ), 
dlogris([-l}s)-dlogris(l-l}s) = 0, <talogTj s ([-l] s ) = 0, 
F n (dlogr]s([-l]s))=dlogr] s/n {[-l] s/n ), 
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Proof. The following calculation verifies the first two relations. 

dF„(x) = F n dV„F n (x) - (n - \)d\ogr[ [-1] • F n (x) 

= F n d{V n r\{[\]) -x) - (n- l)JlogTj([-l]) -F n (x) 

= F„(rfV„i7([l]) ■x + V„rj([l])-dx) -in- l)JlogTj([-l]) -F n (x) 

= F n dV n T}{[\\) ■F n (x)+F n V n r]{[l}) -F n d{x) - (n- l)JlogTj([-l]) -F n {x) 

= {n- l)JlogTj([-l]) -F n (x)+nF n d(x) - (n- l)JlogTj([-l]) -F n {x) 

= nF n d(x) 

V n d(x) = V„(F„dV n (x) - (n- l)JlogTj([-l]) -jc) 

= V n r]([l})dV n (x) - (n - l)V„(JlogTj([-l]) -x) 

= d{V n 7i{[l})V n (x))-dV n 7i([l})V n (x)-(n-l)V n {dlog7i(l-l})-x) 

= dV n {F n V n J]([l])x)-V n {F n dV n r]([l})x)-(n-l)V n (dlogT]{[-l})-x) 

= ndV„(x)-2V„(dlogrj([-\])-x) 

= ndV n (x) 

Next, the last formula follows from the calculation 

F ffl (rflog77([-l] s ))=F m (77([-l]- 1 V77([-l]))-F B 77([-l]- 1 ) J F fflt /7 7 ([-l]) 
= r?([-l]- m )7?([-ir 1 VT,([-l]) 

= 7 7 ([-l]- 1 ) t /7 7 ([-l])=,/l0g77([-l]). 

Using the three relations proved thus far together with the projection formula, we find 

F m dV n (x) = F m/c F c dV c V n / c (x) 

= F m/c dV n/c (x) + (c- l)JlogTj([-l]) -F m/c V n/c {x) 
= ((m/c)i+(n/c)j)F m/c dV n/c (x) + (c- l)dlogTj([-l]) -F m/c V n/c (x) 
= idF m / c V n / c (x) + jF m / c V n / c d(x) + (c- l)Jlogrj([-l]) ■ F m/c V n / c (x). 
To prove the formula for d\ogr]{{— 1}$), we use the formula 

[-l]s =-[!]* + V2([l] s/2 ) 
which is easily verified by evaluating ghost coordinates. We find 

rfiogT?([-i] s ) = Tj([-i] s )dTi([-i]s) = r/(-[i] s +y 2 ([i] s/2 )jTj(-[i] s +y 2 ([i] s/2 ) 

= -dV 2 ri([l} s/2 ) +V 2 (F 2 dV 2 ri({l} s/2 j) 
= -dV 2 r 1 ([l] s/2 ) + V 2 (dlogr 1 ([-l] s/2 )) 
= dV 2 t 1 ([l] s/2 )+V 2 (dlogr 1 ([-l] s/2 )) 

where the last equality uses that 2dV 2 ri({l} s / 2 ) = Vdr]({l} s / 2 ) = 0. The stated for- 
mula follows by easy induction. Using this formula, we find 

dv 2 d\ gn([-\] s , 2 ) = £2^jy 2r+1 Tj([i] s/2r+1 ) 

= Y,2 r dlogr 1 ([-l}s)-dV 2r+1 r]([l} s/2 r +l ) 
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which is zero, since 2rflogrj([— 1]$) = 0. The calculation 

(<ilogT7([-l] S )) 2 = (</77([-l] S )) 2 = (^2T?([l] S /2)) 2 

= d(V 2 i 1 ([l} s/2 )dV2T 1 ([l} s/2 ))-V 2 r 1 ([l} sp JddV 2 r 1 ([l} s/2 ) 
= dV 2 dlogr 1 ([-l] s/2 )~V 2 r 1 ([l] s/2 )dV 2 dlogr 1 ([-l] s/2 ) 

= rfV2</l0gTj([-l] 5/2 )l7([l]s-V2([l]s/2)) 

then shows that (rflogrjQ— l]s)) 2 is zero as stated. This, in turn, shows that 

ddlogr}([-l]s) = dr}([-l]sdr 1 ([-l] s )) 

= dnd-ljsjdnd-m + ri([-l] s )ddri([-l] s ) 

= TJ([-1] S )^TJ([-1] S ) 

= Tj([-l] S yi0gT}([-l] S )rfTj([-l] S ) 

= jT7([-l] 5 )rfT7([-l] s ) =0. 

This completes the proof. □ 

Proposition 4.4. For every Wi'ff complex and every positive integer m, the following 
diagram, where the horizontal maps take a$da\ to rj(ao)drj(ai), commutes. 



W s/m (A) >^S/m 

Proof. We may assume that m = p is a prime number and that S = N. Moreover, by 
Lemma [Ol d), it will suffice to show that for every n £ N and a GA, 

iyiV„77 N ([a] N ) = 77 N F p a%([a] N ). 

To ease notation, we suppress the subscript N. We first suppose n is prime to p and 
set k = (1 — n p ~ 1 )/ p and £ = n p ~ 2 . Since kp + £n= 1, Lemma 1431 shows that 

F/K T]([a])=k- dV n F p ri ([a})+£- V„F p dr\ ( [a] ) 

= k-dV n 7 1 {[a]P)+e-V n (r 1 ([a}r- 1 dri([a])) 
= k-dV„ri{[a] p )+e-V n ri(la} p - l d[a}) 

Moreover, by Theorem l2 .131 and Remai'k fl.191 we have 

T]F p dV n {[a\) = ri(V n ([a}) p - l dV n {[a})+dA p V„([a})) 

= T](l-V n ([a}P- l )dV n ([a})+k-dV n {[a}P)) 
= £-V„r 1 ([a} p - 1 )dV n ri([a})+k-dV n ri([a} p ) 
= £ ■ V n ri([a} p - l F„dV„ri{[a})) + k ■ dV n r]{[a] p ) 
= I ■ V n tj ( [a] p - 1 d [a] ) + k ■ dV„rj ( [a] p ) 
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where the last equality uses that n p ~ 2 (n — l)rflogij([— 1]) is zero. This proves that 
the desired equality holds if p does not divide n. Suppose next that p divides n and 
write n = pr. We consider the cases p = 2 and p odd separately. First, for p odd, 

F p dV n T){[a])=dV r r){[a]) 

riF p dV n ([a}) = T](V n (\a]y- l dV n {[a]) +dV r ([a\) - p"-V- W B ([a]")) 

= V n r] {[a\y- l dV n r] ([«])+ dV r r, ([«])- p^V" 1 ^ ([a])") 

and the desired equality follows from the calculation 

p"- 2 r"- l dV n {n{[a]Y) = p p -\p- 2 v n d{n{[a]Y) 

= pP- 2 rP- 2 V n (i 1 ([a}y- 1 dri([a})) 
= nr- 2 V n (T]([a]y- X )dV n T]([a]) 
= V n ri([a}y- l dV n ri([a}). 

Finally, if p = 2, then 

F 2 dV n ri ( [a] ) = dV r ri ( [a] ) + d log 77 ( [- 1 ] ) • V r r) ( [a] ) 
T]F 2 dV n {[a\) = X]{V n {[a])dV n {[a])+dVr{[a}) -rdV n {[a] 2 )) 

= V n 77 ( [a] )dV n ri( [a] ) + dV r J}{[a]) - rdV n {r} {[a]) 2 ) 

and must show that 

dlogr,([-l})-V r r,([a})^V n r,([a})dV n r,([a])-rdV n (r,([a}) 2 ). 
Suppose first that r = 1. Since [—1] = -[1] + V 2 ([l]), we have 

jiogT J ([-i]) = y 2 T J ([i])jy 2 T J ([i])-jy 2 T J ([i]), 

and hence, 

JlogT7([-l]).T7([ fl ])-y 2 (T7([«]) 2 yy 2 T7([l])-r7([«]yy 2 T7([l]) 
= y 2 (T] {[a\ 2 )F 2 dV 2 T] ([1])) - rfy 2 (T] ([a]) 2 ) + dri ([a]) ■ V 2 T] ([1]) 
-y 2 (T7([ fl ]) 2 t /logT7([-l]))-jy 2 (r7([«]) 2 ) + y 2 (T7([ fl ]yT 7 ([«])) 

= -rfy 2 (T7([ fl ]) 2 )+y 2 (T 7 ([ fl ])) fl 'y 2 T7([ fl ]) 

as desired. In general, we apply V r to the equation just proved. This gives 

rflogT7([-l]).y r T7([a]) = -rdV n {n{[a]) 2 )+V r {V 2 n{[a])dV 2 n{[a])) 
= -rdV n {ri([a}) 2 )+V n (ri([a})F 2 dV 2 ri([a}j) 
= -rdV n {ri([a}) 2 )+V n (ri([a})F n dV n ri([a})) 
= -rdV n (ri([a}) 2 )+V n ri([a})dV n ri([a}) 



where F 2 dV 2 = F n dV n since n is even. This completes the proof. 



□ 
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Remark 4.5. For every Witt complex over the ring A, Eh is a (W(A), A)-module in 
the sense of Definition 12 .41 with structure maps Xe,,j = F n : Eh — >■ Eh. Now, Proposi- 
tion |4j4] states that d is a derivation in the sense of Definition al II 

d: (W(A),4a) ->• [E^M)- 
Moreover, in Definition 14. II we may substitute this statement for axiom (v). 

Corollary 4.6. Let E' s be a Witt complex over the ring A. There is a unique natural 
homomorphism of graded rings 

: Uy/ S (A) E s 

that extends the natural ring homomorphism 775 : Wj(A) — > E® and commutes with 
the derivations. In addition, for every positive integer m, the diagram 

rfs(A) S 
Fm 

'W s/m (A) ^S/m 



commutes. 



Proof. The map r\s necessarily is given by 



T] s (aadai ...da q ) = r] s (aQ)dr} s (ai) .. .dr] s (a q ). 

We show that this formula gives a well-defined map. First, from Proposition 14.41 we 
find that for all a G W(A), 

F2dr] N (a) = T] N F2d(a) = ri^(ada + dA2(a)) = rj^(a)dri N (a) + dri N A2(a). 

Applying d to this equation, the left-hand and right-hand sides becomes 

dF2drjm(a) = 2F2ddr\N{a) = 

and 

dri N (a)dri N (a) + dTog77 N ([-l]) N • (TJpj(a)</%(a) + afT7 N A 2 (a)) 
= dt] N (a)dr] N (d) +d\og ri N ([-l}) N -F 2 dri N (a), 

respectively. This shows that the formula above gives a well-defined map of graded 
rings from f2 w ^ A j to E' s , and by axiom (iv) in Definition l4.ll this map factors through 
the projection onto ^ A y Finally, Proposition 14.41 shows that the diagram in the 
statement commutes. □ 
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Proof of Theorem^ We define quotient maps of graded rings 

lis - Q Ws(A) ^W s Q A 

together with maps Rj and F„ of graded rings and a graded derivation d that make 
the diagrams of the statement commute and a map of graded abelian groups 



V„:W s/n Q A - 

that make the following diagrams commute. 

W s/n (A)-^W s/n fl° 



W S (A) 



Is 



i s/n a A w s a A 



'T/„ 



y T/n n A ^^w T c2 A 
7 s n A *^w s n A ®w s n A 



->W S £2 A 



W 5 /„i2 A "1 

It will suffice to define the above structure for finite truncation sets S. We proceed 
recursively starting from W»f2 A that we define to be the zero graded ring. So let 
S ^ be a finite truncation set and assume, inductively, that the maps rjr, Rjj, F n , 
d, and V n have been defined for all proper truncation sets T C S, all truncation sets 
U C T, and all positive integers n such that the diagrams in the statement and the 
diagrams above commute. We then define 

to be the quotient map that annihilates the graded ideal N s generated by all sums 

Yyn{Xa)dy\,a---dy q , a 
a 

d(jy n (x a )dyia ■ ■■dy q , a ) 
a 

for which the Witt vectors x a € Ws/„(A) and yi. a , ■ ■ ■ ,y q ,a G Wj(A) and the integers 
n ^ 2 and q 1 satisfy that the sum 

r is/n(Y^ XaFnd y^ a ■ ■• F ndy q ,a) 
a 

is zero in W For every positive integer n, we now define 

V„: W s/n Q A ^W s Q A 
to be the map of graded abelian groups given by 



V„r\ s / n (xF n dy\ . ..F n dy q ) = rj S (V n (x)dyi . ..dy q ). 
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Here we use that every element of W s / n Q^ can be written as a sum of elements of 
the form ri s / n (xF n dyi . ..F n dy q ) withx G Wsy„(A) and yi, . . . ,y q G W$(A). Indeed, 

= F„dV„(x) - (n - l)dlog[-l] s/n -x = /v/V„(x) - (n- l)*F„d([-l] 5 ). 

By definition, the map Vi is the identity map, and that 

V mn = V m V„ : W s/mn Ql -> W s fl* 

for all integers m, n > 2 and g ^ follows from the calculation 

Kmns/mn^mn^yi ■ ■■F mn dy q ) = r) S {V mn {x)dy \ . ..dy q ) 
= ris(V m (V„(x))dyi . ..dy q ) = V m ri s / m (V n (x)F m dyi . . .F m dy q ) 
= Vm(V r „(TJ s/m „(^))F m jT} s/m yi . ..F m d7] s/m y q ) 
= V m V n ri s / mn (xF mn dyi . ..F mn dy q ) 

where the last equality uses the inductive hypothesis. 

We proceed to construct the right-hand vertical maps in the square diagrams in the 
statement. To this end, it will suffice to show that the left-hand vertical maps in these 
diagrams satisfy R s T (N q s ) C A#, d{N q s ) C N q s +l , and F„(A/f ) C A/| /n , respectively. We 
therefore fix a positive integer n and an element 

°> = Yy^ Xa ) d y^ a ■ -- d yq,a e ^w s (a) 

a 

such that 



'Js/nd^a^'nrfyi.a . ..F n dy q ^ a ) G W s / n X2 



is zero and show that T]tRj((o), r] s (ddco), T] S j m F m {(o), and ri s / m F m (d(o) are all zero. 
First, in order to show that 

77r4(o)) - TJr(Lv l ^(x«)d4(yi,«)...rf4(y 9 ,«)) 
a 



riT/n(£ R T/ n ( x ^FndR s T (yh a ) ■ ■ .F n dR s T (y q , a )) 



a 



is zero, it suffices by the definition of the ideal N T to show that 

v> 

r/> 

is zero. But this element is equal to 

>7> 

which, by the inductive hypothesis, is equal to 



R T/' n r ls/n(Y, x Oi F ndyi,a ■ ■ -F n dy q v) 
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which we assumed to be zero. Similarly, we have 

T]s(dd(D) = TJs(rfl0gTJs([-l] S ) -d(0) = TJ S rf(dlogTJ S ([-l] 5 ) • CO) 

= T lsd(Y,Vn{Xa[-l]s/n) d [- 1 ]s d yi,a ■ ■ -dy q ,a), 
a 

and by the definition of N s , this is zero since 

Vs/n(Y< x aVs/n(h^s/„)Fndri s {[-l} s )F n dy La . . .Fndy^a) 
a 

= ^ lo g%/n([-l]s/«) ' T lS/n(Y, X Ol F ndyi,<X ■ ■ -F n dy q ,a) 

a 

is zero. Next, to prove that r\ s / m F m (co) and rj s / m F m (dco) are zero, it suffices to con- 
sider the three cases n — km, m — kn, and (m,n) = 1. First, if n = km, then 

T \s/m F m((0) = T] s / m ( s £ j F m y n {x a )F m dyi }a . ..F m dy q . a ) 

a 

= mr\sim(^yk{xa)Fmdyi,a ■ ■ -Fmdyq.a) 
a 

= mV k r]s/„{Y J x aFndyi i a ■ ■■Fndyq.a) 
a 

which is zero as desired. Here the last equality uses the inductive hypothesis. Simi- 
larly, using Proposition l3.3l we find 

Tls/mF m {dco) = r]simF m (^d'V n {xa)dy\, a ■ ..dy q , a ) 
a 

+ qdlogi] s/m ([-l] s/m ) ■ ri s/m F,„{co). 

The second summand on the right-hand side is zero, by what was just proved, and by 
Lemma l3~8l we may rewrite the first summand as the sum 

i1sim(^dV k (x a )F m dy\,a ■ ■ ■F m dy q , a ) 
a 

+ (m - l)Jlog%/ w ([-l] s/w ) • r] s/m (Y,V k (xa)F m dy li(X . . .F m dy q ^) 

a 

where again the second summand is zero by what was proved above. We further 
rewrite the first summand as 

r ls/md(Y, v k( x a)F m dy ha . ..F m dy^ a ) 
a 

- qd log T} 5 / m ( [- 1 ] s/m ) ■ 7] s / m {Y,Vk(x a )F m dyi t a-.- F m dy q , a ) 

a 

where the second summand is zero as before. Finally, using the inductive hypothesis, 
we rewrite the first summand as 

dr\s/m§LVk{xa)Fmdyi, a ■ ■■Fmdy^a) = dV k K] s i n (^x a F„dy\.a ■ ■■F n dy q ^) 
a a 



40 



which is zero as desired. Next, suppose that m = kn. Then 

f\s/m F m{(0) = nr} s / m F k (^x a F n dyi t a ■ ■■F„dy qt a) 
a 

= nF k r\ s / n (£xaF n dy lya . ..F n dy q: a) 
a 

which is zero as desired. Here the last equality uses the inductive hypothesis. Using 
that r] s / m F m ((o) is zero, we further find that 

llS/mFm(d(D) = r]s/ m Fm(^dVn{xa)dyi.a ■ ■ - d y q ,a) 
a 

= ris/mFk(Y, dx aF n dyLa ■ ■■F„dy q ^ a ) 
a 

= ris/m F kd(Y, x aF„dyi a . ..F n dy q , a ) 
a 

= r\s/kFk d ns/n(^xaF n dy^a ■ ■ -Fndy^a) 
a 

which is zero as desired. Here, again, the last equality uses the inductive hypothesis. 
Finally, we consider the case where m and n are relatively prime. We have 

7] s / m F m {(o) = y] s / m (£y n F m (xa)F m dy l)a . ..F m dy q . a ) 
a 

= Y, v n F m r ls/n(xa)F m dr]syi, a ■ ■ ■ F m dr\sy q , a 

a 

= Y. V ^ F ^Sln{xa) F n F mdr]syi,a ■ ■ ■ F n F m d l}sy q .,a) 
a 

= V„F m 77 s/ „(^x a F„c/yi iC( . . .F n dy q ^ a ) 
a 

which is zero. Here the second and third equality uses the inductive hypothesis. To 
prove that also r\ S j m F m d(S) is zero, it will suffice to show that both mr\ S j m F m d(i> and 
nr ls/n F md(0 are zero. First, since i} s / m F m ((o) is zero, so is 

m%/ m F m dco = %/ m dF m co = d%/ m F m ((D). 

We next use the equality 



ndV„(x) = dV n F n V„(x) = d(V n ([\} s/n )-V n (x)) 
= V n (x)dV n ([l] s/n )+V n ([l} s/n )dV n (x) 
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together with the fact that r) s / m F m (a>) is zero to see that 
nr]s/ m Fm(da)) = r\ s / m F m (Y / ndV n (x a )dyi ia . ..dy^ a ) 

a 

= 'Hs/m F m(Y / V n( x a) ei Vn([l]s/n)dyi,a ■ ■ -dy q , a ) 
a 

+ ns/m F m(5y n ([\\ s i n )dV n {x a )dyi^ ■ --dyg.a) 
a 

= Vs/m(5LVnF m {xa)F m dV n {{\\si n )F m dyi, a . . .F m dy qy(x ) 
a 

+ r ls/miY, V " F "'(i 1 }s/mn) F mdV n (xa)F m dyi. a . . .F m dy q , a ) 
a 

= V„Tis/ mn F m (F n dV„([l]s/„) ■ Ys x <*Fndy\.a ■ ■■F n dy gt a) 

a 

+ y n ri s / mn F m (Y J F n dV n {xa)F n dy^ a . ..F n dy qt0 c) 
a 

= VnT)slmnFmd(^XaFndy\.a ■ ■■F„dy q , a ) 
a 

= V n F m dr] s i n (^x a F n dyi, a . ..F n dy q . a ) 
a 

which is zero as desired. Here, again, the third and the last equalites use the inductive 
hypothesis. 

To complete the recursive definition, it remains only to prove that for all positive 
integers n, (0 E Ws^, and x £ W s /,,£2^, the projection formula 

V„(co)x = V n (coF n (x)) 

holds. It suffices to let co = r\s/ n {xF n dy\ . ..F n dy q ) and z — r)s(zdw{ . . .dw r ). Then 

V„(©)t = V n t] s / n {xF n dyi . ..F n dy q ) ■ ri s (zdwi . ..dw r ) 
= ri s (V n (x)dy l . . .dy q ■ zdwi . . .dw r ) 
= r\s{Vn{xF n (z))dy\ . ..dy q dwi . ..dw r ) 
= Vn(ris/n(xF n dyi . ..F„dy q ) ■ r} s / n F n (zdwi . ..dw r )) 
= V„("n s / n (xF n dyi . ..F„dy q )-F n r] s (zdwi . ..dw r )) 
= V n ((0F„(z)) 

as desired. This completes the proof. □ 

Definition 4.7. The initial Witt complex Ws& A over the ring A is called the big 
de Rham-Witt complex of A. 

Addendum 4.8. (i) For all q, the map f]{\}'- Q\ — > Wmfl* is an isomorphism. 
(ii) For all S, the map r] s : W S (A) -> W s £2% is an isomorphism. 

Proof. This follows immediately from the proof of Theorem|B]and Lemma [3.14l □ 
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5 Etale morphisms 

The functor that to the ring A associates the Ws (A) -module Wsi2^ defines a presheaf 
of Ws(<^)-modules on the category of affine schemes. In this section, we use the 
theorem of Borger Q and van der Kallen ifTTIl which we recalled as Theorem ll.22l to 
show that for S finite, this presheaf is a quasi-coherent sheaf of Ws(&) -modules for 
the etale topology. This is the statement of Theorem|C]which we now prove. 

Proof of Theorem^ Let a denote the map of the statement. We define a structure of 
Witt complex over B on the domain of a. By Theorem ll.221 the map 

W s (f): W S (A)^W 5 (B) 

is etale. Hence, the derivation d : W. s f2^ — > Ws^ +l extends uniquely to a derivation 

d : Vf s (B) ® Ws{A) W s Q q A -»• W S (B) ® Wj(A) W s Q« +l 
defined by the formula 

d(b®x) — (db)x + b!gidx 
where db is the image of b by the composition 

W S (B) ^ Q^ s(B) ^ W 5 (B) ® Ws(A) Ql s(A) -► W S (B) Ws(A) Wjflj. 

Here the middle map and the right-hand map are the canonical isomorphism and the 
canonical projection, respectively. We further define Rj —Rj^iRj and F„ = F n ®F n . 
To define the map 

V n : W 5/ „(B) ®w s/lM ) W s /„X2j W S (B) ® Wj(A) W s i2| 

we use that the square in the statement of Theorem ll.22l is cocartesian. It follows that 
the map 

F H ® id : W s (S) ® Wj(A) W s/n Q q A -»• W s/n (2?) ® Ws/n (A) W s/ „X2j 

is an isomorphism, and we then define V„ to be the composition of the inverse of this 
isomorphism and the map 

id®V„ : W S (B) ® Wj(A) W s/n Ql -»• W S (S) ® Ws(A) W s fl^. 

Finally, we define the map rjs to be the composition 

W S (B) Vf s {B) ® Ws(A) W S (A) ^> W S (B) ® Ws(A ) W s f2° 

of the canonical isomorphism and the map id (8)175-. We proceed to show that this 
defines a Witt complex over B. The axioms (i)-(iii) of Definition 14. 1 1 follow imme- 
diately from the definitions. For example, the identity dd(x) — dlogrjs([—l]s)d(x) 
holds as the two sides are derivations which agree on Ws^2?. It remains to verify 
axioms (iv)-(v) of Definition |4T| 
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To prove axiom (iv), we first show that for all b G W s / n (B), 

F n dV n (b) + (n - lMlogT} s/ „ ([-%„) • b = d(b). 
The right-hand side is the unique extension to Ws/ n (B) of the derivation 

d:W s/n (A)^W s/n Ql 

The left-hand side, D n (b), is also an extension of this map since W,$i2^ is a Witt 
complex over A. Hence, it will suffice to show that D n is a derivation. Moreover, 
since D„ is an additive function of b, and since the square of rings in Theorem ll.22l is 
cocartesion, it is enough to consider elements of the form F n (b)a with a G Ws/„(A) 
and b G W 5 (B). Now, 

D n {F n {b)aF n {b')a') = D n {F n {bb')aa') 
= F„d(bb'V n {aa')) + {n- l)dlogr]([-l])F n (bb')aa' 
= F n d{bb')F n V n {aa!)+F n {bb l )F n dV n {aa') + (n- \)d\ogi]([-\\)F n {bb')aa! 
= F n d{bb')paa' + F n {bb')d{ad) 

= (F„d(b)F n (>') + F„ {b)F n d(b')) pad + F„ (bb 1 ) (d(a)d + ad{a')) 

= {F n d(b)pa + F n (b)d(a))F n {b')a' + F n (b)a(F n d(b')pa + F n (b)d(d)) 

= D n {F n (b)a)F n (b')a! + F n {b)aD n {F n {b')a') 

which shows that D„ is a derivation, and hence, equal to the derivation d. We note 
that the special case of axiom (iv) proved thus far implies that 

dF„ = nF„d: W S {B) -> W s/n (B) <g>w s/n (A) W s/n flj. 

To prove axiom (iv) in general, we must show that 

F n dVn{b®x) + (n-l)d\ogr\si n ([-l\ s i n )-b®x = d{b®x) 

for all b G W S /„(B) and x G W s / n Q^- ^ s before, this follows once we prove that the 
left-hand side, D n (b®x), is a derivation. Moreover, since D„ is additive and since the 
square of rings in Theorem [L22] is cocartesian, it will suffice to consider elements of 
the form F n (b) ®x with b G W S (B) and x G W s /„i3|. Finally, to prove that D„ is a 
derivation on elements of this form, it suffices to show that 

D„ (F„ (b)®x)= D n (F n {b))x + F n {b)® D n (je) . 

Now, by the definition of V„ and by the case of axiom (iv) proved above, we find 

D„ {F n (b) ® jc) = F n dV n (F n (b) ® jc) + (n - l)d logr/ ([- 1] ) ■ F n (b) ®x 
= F n d(b®V n {x)) + (n- l)dlogT/([-l]) -F n (b)®x 
= F n d(b)-F n V„{x)+F n (b)®F n dV n (x) + (n-l)dlogil([-l})-F n (b)®x 
= nF„d{b) ■x + F n {b)®D n {x)=dF n {b) ■x + F n {b)®D n {x) 
= D„(F n {b))-x + F„{b)(g>D n (x) 

as desired. This completes the proof of axiom (iv). 
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To prove axiom (v), we consider the following diagram where the left-hand hori- 
zontal maps are the canonical isomorphisms. 



W S (B) 



F„ 



O 1 

W s/ „(2») <" 



F„<3F„ 



W s/n (fi) ®w s/n (A) < (A) ^ W S/B (B) ®w s/ „(A) W s/ „fl 



The left-hand square commutes since F n : &yy/g\ — > AjWfl) * s ^«-l mear > an d the right- 
hand square commutes since W^X^ is a Witt complex. Hence, also the outer square 
commutes and this immediately implies axiom (v); compare Remark l431 

We have proved that the domains of the canonical map a at the beginning of the 
proof form a Witt complex over B. Therefore, there exists a unique map 



of Witt complexes over B. The composition a o j3 is a selfmap of the initial object 
Ws&g, and therefore, is the identity map. The composition j3 o a is a map of Witt 
complexes over B. In particular, it is a map of Wg(B) -modules, and therefore, is 
determined by the composition with the map 



f( B ) 



s(A) 



^1 



that takes x to [l]s ® x. But 1 and j3 o a o 1 both are maps of Witt complexes over A 
with domain the initial Witt complex over A. Therefore, the two maps are equal, and 
hence, also j3 o a is the identity map. This completes the proof. □ 



6 The big de Rham-Witt complex of the ring of integers 

We finally evaluate the absolute de Rham-Witt complex of the ring of integers. If m 
and n are positive integers, we write (m,n) and [m,n] for the greatest common divisor 
and least common multiple of m and n, respectively. We define (m,n] to be the unique 
integer modulo [m,n] such that (m,n] = modulo m and (m,n] = (m,n) modulo n, 
and define {m,n} to the unique integer modulo 2 that is non-zero if and only if both 
m and n are even. We note that (m,n] + (n,m] = (m,n) modulo [m,n]. 

Theorem 6.1. The big de Rham-Witt complex ofl is given as follows. 

w s n% = l\z-v n Ti([i] s/n ) 

neS 

W s Ql = l\Z/nZ-dV„T]([l} s/n ) 

n€S 

and the groups in degrees q^2 are zero. The multiplication is given by 
V m ri([l}s/ m )-V n T]([l} s/n ) = {m,n)-V [mA r]{[\] 

Sf [m,n] ) 

V m T]([l]s/m) -dV n T]{[\] S j n ) = (m,n] •t/y [m .„]77([l] 5/[mi „]) 

+ {tn, «} £ 2 r ~ l [m, n) ■ dV 2 r [mM ] r\ ([l} s / 2 >-[ m , n ] ) 
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and the mth Frobenius and Verschiebung maps are given by 

F m V„T]([l] s / n ) = (m,n) • V n /( m ,„)J7([l]s/(m,n)) 
F m dV n T]([l] s/n ) = {m,n]/m-dV n/{m ^ri([l] s/[mtn] ) 

+ {OT,«}^(2 r - 1 n/(m,n))-jy 2W(m , n) T7([l] s/2rK „ ] ) 

V m (VnT}([l]s /m n))=V m nTl([l}s/mn) 

V m {dV n 7]{[l] s / mn ))=m-dV mn r]([l}s /mn ). 

Proof. We begin by showing that the groups E q s and structure maps listed in the 
statement form a Witt complex over Z. For notational convenience we suppress the 
subscript S. We first show that the product is associative. The formula for the product 
shows in particular that 

Jlog77([-l]) = (-77([l])+V 2 7?([l])yV27?([l])-E2'- 1 «'y 2r 77([l]). 
We claim that 

y m 77([l]).jy n 77([l]) = (m,n].jy Kn] 77([l]) + {m,»}.y [m .„ ] 77([l]yiog7 7 ([-l]). 
Indeed, by the formula for dlogr]({— 1]) which we just proved, 

y e 7 7 ([i])-«'iog77([-i]) = E2''- 1 y e 77([i]yy 2r 77([i]) 

= £2'- 1 ( e ,2n«'y [ei21I 7([i]) + { e ,2}E2- s - 1 [ e ,2] fl 'y 2IM] 77([i]) 

But 2 r ~ 1 (m,2'] is congruent to 2'~ 1 m modulo [m,2 r ], and therefore, if e is odd, the 
lower left-hand summand is equal to £ r> ^ 2 r ~ 1 e<f y 2 /> tj ( [1] ) and the lower right-hand 
summand is zero, and if e is even, the lower left-hand summand is zero and the lower 
right-hand summand is equal to 2 s ~ l edV2* e r]([l])- The claim follows. A similar 
calculation shows that for all positive integers a and b, 

yaT?([l])-(y 6 Tj([l]).Jl0gTj([-l])) = (y a T ? ([l]).y fc 77([l])).Jl0gTj([-l]). 

We now show that the product is associative. On the one hand, 

y / T,([l]).(y m ([l]).jy n T / ([l])) = (/Jm,n]](m,n]-jy [/)Kn]] T / ([l]) 
+ ({/,[m,n]}(m,n] + (/,[m,n]){OT,n})-y[, iKn]] Tj([l])JlogT/([-l]) 

and on the other hand, 

(v,ti([i]) -y m ([i])) • jy„Tj([i]) = {i,m){[i,m\A-dv [%mln] n{[\\) 

+ (/,m){[/,m],n}-y [Min] Tj([l])JlogTj([l]). 

Here [/, [m,n]] = [[l,m],n] and to prove that (/, [m,n]](m,n] and (l,m)([l,m],n] are 
congruent modulo [/ , [m , n] ] , we use that [I , [m , n] ] Z is the kernel of the map 

Z ->• Z//Z x Z/mZ x Z/nZ 
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that takes a to (a + lZ,a + mZ,a + nZ). So it will suffice to verify that the desired 
congruence holds modulo /, m, and n, respectively. By definition, both numbers are 
zero modulo / and m, and the congruence modulo n follows from the identity 

(/, [»i,n]) • (m,n) = (l,m) ■ ([/,m],n) 

which is readily verified by multiplying by [I, [m,n]) = [[l,m],n] on both sides. We 
also note that {/, [m,n]}(m,n] + (I, [m,n]){m,n} and (l,m){[l,m],n} are well-defined 
integers modulo 2 which are non-zero if and only if n and exactly one of I and m are 
even. This shows that the product is associative. 

We proceed to verify the axioms (i)-(v) of Definition l4.ll First, we note that since 
the sum (m,n] + (n,m] is congruent to (m,n) modulo [m,n] — [n,m], we find 

dV m r!{[l})-V n ri{[M) + V m ri{[l})-dV n r]([l}) 
= (n,m]^ [n>m] Tj([l]) + {n,m}y [n)m] 77([l])rflog77([-l]) 

+ (m,n]dV [mjl] ri([l}) + {m,n}V [mM ri([l})d\ogri{[-l}) 

= (m,n)dy {mn] 7](\\\) 

which verifies axiom (i). Next, to verify axiom (iv) we note that 

F m (dlogTj([-l])) = Y J 2 r - l F m dV 2 rT]{[\]) 

= Y j 2 r - l (m,2 r }/m-dV [m , 2 r ]/m r,([l}) 

+ {m,2}7 K2]/m Tj([l])rflogTj([-l]) 

= rfl0gT/([-l]), 

where the last equality uses that 2 r - 1 (m,2 r ]=2 r - 1 m modulo [m,2 r ]. Therefore, we 
may rewrite the stated formula for the Frobenius in the form 

F m dV n T}{{\]) = (m,«]/m-jy„ /(m , n) Tj([l]) + {m,«}-y„ /( „ vl) T7([l])t/logT]([-l]) 

which verifies axiom (iv). Similarly, to prove axiom (iii), we first note that 

v m (£/iogTj([i])) = y,„(^2'- 1 £ /y 2 ,77([i])) = £2 r -Wy 2 , m T?([i]) 

r> 1 r> 1 

= V M Tj([l])dlogi7([l]). 

Therefore, we find that 

V m F m dV„ 7] ( [ 1 ] ) = V,„ ( (m , n } / m ■ dV[ m >n] /m T] ( [ 1 ] ) 

+ {m,«}-y K „ ]/m Tj([l])Jlog^([l])) 
= (m,«]-c/y [m .„ ] ^([l]) + {m,n}-y K „ ] ^([l])rflog77([-l]) 
= V m ij([l])rf7»Tj([l]) 
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where we have used that [m,n]/m = n/(m,n). This proves that axiom (iii) holds. We 
next consider axiom (ii) and begin by proving that the identity F[F m = Fi,„ holds. 
Since (lm,n) = (l,n/(m,n))(m,n) we find on the one hand that 

Fi(F m dV n r\{[l})) = (l,n/(m,n)]/l-{m,n)/m-dV n/ Q mtn) r]{[i\) 

+ ({/ ) n/(m ) n)}(m,n]/m + (/,n/(m,n)){m,ra})-V n / (/m> „)77([l])^logTj([-l]) 

and on the other hand that 

Fi m dV n r]([l]) = (lm,n]/lm-dV n/{ i m>n) T]([l]) 
+ {/m,n}-^ n/(/m!n) Tj([l]yiogT]([-l]). 

The classes (lm,n] and (l,n/(m,n)](m,n] are congruent modulo ////./; . For both are 
congruent to modulo Im and congruent to (lm,n) — (l,n/(m,n))(m,n) modulo n. 
It remains only to note that {lm,n} and {l,n/(m,n)}(m,n]/m+ (l,n/(m,n)){m,n} 
are well-defined integers modulo 2 which are non-zero if and only if n and at least 
one of / and m are even. This shows that F/F m = F[ m . The formulas V/V m = V/ m and 
F m V m = m ■ id are readily verified, so we next show that F[V m = V m F[ provided that I 
and m are relatively prime. Using what was proved earlier, we find that 

FiV m dV n r} ([1]) = m(l, mn] /I ■ dV mn j [Umn) 77 ( [1] ) 

+ m{/,mn} •V mn/(;)mn) Tj([l])dlogTj([-l]) 
V m FidV„ri([l}) = m(l 7 n]/l ■ dV mn/i i !ll)lim 

+ {W-V IOT /(^)Tl([l])</l0gfl([-l]) 

Since (/,m) = 1, we have (l,mn) — (/,«). Moreover, modulo n/(l,n), the congruence 
classes of (/,«]// and 1/(1, n) are inverse to each other, and modulo mn/(l,mn), the 
congruence classes of (l,mn] / 1 and I / (l,mn) are inverse to each other. It follows that 
the congruence classes of m(l,mn]/l and m(l,n]/l modulo mn/(l,n) are equal. Since 
also m{l,mn} — {/,«}, we find that F{Y m = V m F[ as desired. This proves axiom (ii). 
Finally, we consider axiom (v). Since the formula for [a)s in Addendum ll.7l is quite 
complicated, it is an onerous task to verify this axiom directly. However, as noted in 
Remark H31 we may instead show that for every prime number p, the diagram 



a 



a 



4 pl 

N 



commutes. It further suffices to show that for every positive integer n, the image of 
the element c/y„([l]) by the two composites in the diagram are equal. We consider 
three cases separately. First, if p is odd and n = ps is divisible by p, then 

F p 7 1 dV n ([l])=F p dV n Tl{[l])=dVsTl([l]) 
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which is equal to 

nF p dv n {[\])^n{dvm)+n p -\v n {[\])dv n {[i])-sdv n {[i]))) = dvM[^) 

as desired. Second, if p = 2 and n = 2s is even, then 

F 2 r 1 dV n ([l}) = F 2 dV n r 1 ([l}) = dV^dl}) + Y J 2 r - 1 sdV rs ri([l}) 

while 

T]F 2 dV n ([l]) = r](dV s ([l]) + V n ([l])dV n ([l})-sdV n ([l])) 

= dV s T]([l}) + J £2'- 1 ndV 2 , n r]([l])-sdV n r]([l]), 

so the desired equality holds in this case, too. Third, if n is not divisible by p, we have 
((1 -n p ~ 1 )/p) ■ p + n p ~ 2 -n = 1, and hence, 

F p J]dV n {[l}) =F p dV n T){[\]) = l ~ H * dV n ri([l}). 
We wish to prove that this equal to 

r] F p dv n ([i}) = r](nP- 2 v n ([i})+dv n ([i]) + ^y^dv n ([i})), 

or equivalently, that n p ^ 2 V n rj ([l])dV„rj ([1]) is zero. This is true for p odd, since 
ndV„T]([l\) is zero, and for p = 2, since V„?7([l])(fV„?7([l]) is zero, for n odd. 

We have now proved that the groups E q s and structure maps listed in the statement 
form a Witt complex over Z. It follows that there is unique map 

W s f2| -> E q s 

of Witt complexes over Z which one readily verifies to be an isomorphism for q ^ 1 . 
Therefore, it remains only to prove that Ws&% is zero for q 2. It will suffice to 
show that for S finite, the elements ddV„rj([l] s / n ) are zero for all n e S. Now, 

^y„Tj([l] s/ „)=JlogT ? ([-l] S )-jy„Tj([l] s/n )=J(JlogTj([-l] S )-V )! Tj([l] 5/n )) 

= dV„(dlogr 1 ([-l] s/n )) ^^T-'dVrtdVrvdl]^) 

r>l 

= nddV 2n ri([l] s/2n ). 

Since S is assumed to be finite, this furnishes an induction argument which shows 
that ddV„ 77 ([l]s/„) is zero. We conclude that Ws&% is zero for q ^ 2 as desired. This 
completes the proof. □ 

Addendum 6.2. Let S be a finite truncation set. The kernel of the canonical map 

is equal to the graded ideal generated by the following elements (i)-(ii) together with 
their images by the derivation d. 
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(i) For all m,n £ S, the element 

M[l]s/m)^n([%„) ~~ ( m ' n ] rfV [m,»]([ 1 ]s/[m,n]) 
~ {'«,«} ^2^ 1 [OT,n]t/y 2r [ m ,„]([l] s/ 2 r [ m ,„ ] ) 

(ii) For a// « £ 5, f/je element ndV n ([l]s/ n ). 

Proof. This follows from the proof of Theorem l6.ll □ 

We remark that in Addendum l6.2l the graded ring £2^ , z > may be replaced by the 
graded ring X2 Ws(z) . 
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